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THE  MILITARY  OPERATIONS  RESEARCH 
SOCIETY  SYMPOSIUM 
(MORSS) 


Currently,  an  average  of  over  950  military 
operations  research  analysts  attend  the 
annual  Military  Operations  Research 
Society  Symposium  (MORSS),  a  national 
professional  society  under  the  sponsorship  of 
the  Joint  Staff,  US  Army,  US  Navy,  US  Air 
Force.  US  Marine  Corps  and  the  Office  of  the 
Secretary  of  Defense.  The  attendees  represent 
the  seiA'ices.  the  private  sector,  academe,  and 
other  government  agencies.  The  MORS 
Symposium  provides  them  with  a  unique 
opportunity  to  hear  the  thoughts  of  influential 
militaiy  leaders.  It  also  provides  them  with  the 
opportunity  to  exchange  information  and 
examine  completed  or  ongoing  research  in  a 
classified  setting. 


thinking  and  innovation.”  Because  of  its 
mission,  the  Naval  Postgraduate  School  is  the 
perfect  setting  for  our  society  to  prepare  a  path 
to  the  next  century. 


23-24-25  June  1998 

66th 

^  MORSS 

Naval  Postgraduate  School 


The  symposium  consists  of  a  series  of  meetings 
centered  around  32  working  groups.  The 
working  groups  also  meet  in  composite  sessions 
to  address  a  wider  spectrum  of  topics,  which  are 
of  interest  to  their  associated  composite  group. 
In  addition,  MORS  offers  general  sessions  and 
tutorials.  The  general/special  sessions  include 
thematically  related  invited  papers  of  broad 
interest,  selected  best  working  group  papers, 
workshop  reports  and  sessions,  and  an  education 
session.  The  tutorials  are  generally  educational 
sessions  on  tools  and  techniques  of  operations 
research. 

The  66th  MORS  Symposium  will  be  held 
at  the  Naval  Postgraduate  School  (NPS) 
in  Monterey,  California  on  23-25  June 
1 998.  This  year’s  theme.  Preparing  for  Military 
Operations  Research  in  the  2 1st  Century^  was 
echoed  in  remarks  recently  made  by  the  Chief  of 
Naval  Operations  concerning  graduate 
education  at  NPS:  ‘‘Students  will  expand  their 
breadth  of  knowledge  in  a  particular  discipline 
and  will  reinvigorate  their  ability  to  successfully 
analyze  and  solve  the  complex  challenges  we 
face.  These  important  skills  will  help  guide  our 
Navy  into  the  21st  Century  through  fresh 


This  year’s  symposium  will  consist  of  a  keynote 
session  on  Tuesday,  three  general  sessions,  eight 
composite  group/working  group  sessions,  three 
tutorial  sessions  during  lunch,  two  poster 
sessions,  and  the  social  event  Wednesday 
evening. 

So,  mark  your  calendars  now  for  the  66th 
Military  Operations  Research  Society 
Symposium  at  the  historic  Naval 
Postgraduate  School  from  23-25  June  1998.  Get 
ready  to  enjoy  one  of  the  most  beautiful  spots 
on  the  face  of  the  earth  —  the  Monterey 
Peninsula.  Help  us  provide  a  path  to  the  next 
century  by  contributing  to  a  successful 
symposium  with  an  early  response  to  the  Call 
for  Papers  and  submitting  your  "approved  for 
public  release”  abstract  in  January.  And  while 
you’re  convincing  your  boss  to  let  you  go  to  the 
Symposium,  convince  him  or  her  to  go  with 
you!  If  you  have  any  doubts  at  all  on  presenting 
a  paper,  have  any  other  questions,  have  not 
received  the  ACP,  or  would  like  to  assist  the 
program  staff,  please  contact  the  MORS  office 
at  (703)  751-7290  or  CDR  Kirk  Michealson  at 
(703)  697-0064. 


MULTIPOLAR  NUCLEAR 
STABILITY:  INCENTIVES  TO 
STRIKE  AND  INCENTIVES  TO 
PREEMPT 

by  Jerome  Bracken 


First-strike  stability,  or  incentive  to  pre¬ 
empt  in  a  strategic  nuclear  environment, 
underlies  many  discussions  of  strategic 
force  structure,  posture  and  arms  control. 
In  the  bipolar  context  it  is  generally  agreed 
that  defenses  are  destabilizing,  particularly 
at  medium-to-high  levels.  The  impact  of 
additional  armed  sides  on  stability,  how¬ 
ever,  is  not  well  understood.  The  objective 
of  this  paper  is  to  shed  light  on  this  multi¬ 
polar  stability  question,  particularly  on  the 
stability  implications  of  small-to-medium- 
size  defenses. 


GAIN-SHARING,  SUCCESS¬ 
SHARING  AND  COST-BASED 
TRANSFER  PRICING:  A  NEW 
BUDGETING  APPROACH  FOR 
THE  DEPARTMENT  OF  OEFENSE 
(DOD) 


by  Francois  Melese 


MODELING  LOSS  EXCHANGE 
RATIOS  AS  INVERSE  GAUSSIAN 
VARIATES:  IMPLICATIONS 

by  D.  H,  Olwell 

Loss  Exchange  Ratios  (LER)  are  widely 
used  as  a  summary  of  the  results  of  a  sim¬ 
ulated  battle.  We  have  found  from  repeated 
simulations  of  the  same  battles  that  the  LER 
for  a  given  battle  varies  widely.  This  has 
policy  and  statistical  implications.  Attack¬ 
ing  some  of  the  statistical  issues,  such  as 
what  is  a  good  model  for  LER  and  how  to 
estimate  its  parameters,  sheds  light  on  the 
policy  issues,  such  as  how  many  runs  are 
required  and  how  accurate  is  the  output. 

We  examine  in  detail  LER  from  repli¬ 
cations  of  battles  simulated  on  JANUS  and 
CASTFOREM,  and  propose  a  new  statisti¬ 
cal  model  for  this  output,  based  on  the 
Inverse  Gaussian  distribution.  Since  this 
member  of  the  exponential  family  is  not 
widely  known,  we  include  a  primer.  We 
make  the  point  that  the  LER  can  not  be 
adequately  summarized  by  just  its  mean;  a 
second  parameter  is  necessary  to  fully  de¬ 
scribe  the  model. 

Executives  should  routinely  ask  their 
modelers  how  many  runs  of  a  simulation 
were  conducted  in  a  simulation  study,  how 
that  number  was  selected,  how  the  LER  (or 
other  summary  output)  is  best  described, 
and  how  much  improvement  has  been 
demonstrated  over  the  controls.  This  article 
provides  the  analyst  with  powerful  tools  to 
answer  those  questions. 


Executive 

Summaries 


Once  the  dust  settles  and  so-called 
"core"  DoD  support  activities  are  defined, 
the  issue  of  incentives  must  be  addressed. 
Do  current  budgeting  systems  inadver¬ 
tently  punish  cost-savings?  Does  cost- 
based  "transfer  pricing"  offer  a  viable  alter¬ 
native?  This  paper  by  Francois  Melese 
offers  some  answers.  It  also  pioneers  the 
application  of  an  analytical  OR  approach  to 
budget  and  incentive  problems.  A  new 
budgeting  proposal  is  introduced  to  help 
govern  peacetime  relationships  among  op¬ 
erating  forces  and  internal  support  activi¬ 
ties.  This  new  budgeting  approach  inte¬ 
grates  cost-based  "transfer  pricing"  with 
the  popular  business  practice  of  "gain-shar¬ 
ing"  and  a  novel  incentive  program  called 
"success-sharing."  The  combined  budget¬ 
ing  and  incentive  package  is  designed  to 
improve  the  management  of  financial  re¬ 
sources  and  business  operations  through¬ 
out  the  DoD. 


CLUSTERIZATION  OF 
ALTERNATIVES  IN  THE 
ANALYTIC  HIERARCHY  PROCESS 

byR.  Islam,  M.P.  Biswal  and  S.S.  Alam 

Despite  the  impressive  success  of  the 
Analytic  Hierarchy  Process  (AHP)  in  solv¬ 
ing  a  wide  range  of  discrete  multi-criteria 
decision  making  (MCDM)  problems,  a  ma¬ 
jor  drawback  of  its  use  to  solve  a  large  scale 
problem  is  the  huge  amount  of  work  to 
make  all  the  necessary  pairwise  compari¬ 
sons.  R.  Islam,  M.P.  Biswal  and  S.S.  Alam 
have  developed  a  clustering  procedure  to 
solve  a  large  scale  MCDM  problem  by 
AHP.  In  order  to  show  the  viability  of  the 
proposed  procedure  they  have  considered 
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the  problem  of  choosing  the  best  transport  air¬ 
craft  from  the  available  twenty  alternatives. 

EVALUATING  THE  EFFECTIVENESS 
OF  SHOOT-LOOK-SHOOT  TACTICS 
IN  THE  PRESENCE  OF  INCOMPLETE 
DAMAGE  INFORMATION 

by  Voss/  Avir  and  Moshc  Kress 

The  advent  of  new  technologies,  and  in 
particular  the  development  of  efficient  detec¬ 
tion  sensors,  have  produced  advanced  long- 


range  and  accurate  weapon  systems  such  as 
HELLFIRE,  SLAM,  GBU-15  and  FOG-M.  A 
common  problem  that  is  associated  with  the 
operation  of  these  expensive  weapon  systems  is 
that  of  Bomb  Damage  Assessment  (Bi5a).  Stat¬ 
ing  it  simply,  the  question  is:  how  to  utilize 
these  weapon  systems  in  the  most  efficient  way 
when  damage  information  is  not  complete? 

In  this  paper,  Yossi  Aviv  and  Moshe  Kress 
analyze  several  shooting  tactics  and  show  that  a 
certain  simple  tactic  may  be  best  in  terms  of  fire 
efficiency  and  operational  convenience.  This  re¬ 
sult  sheds  some  light  on  doctrinal  issues  that 
may  be  related  to  the  operation  of  thse  weapon 
systems. 
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A.  OVERVIEW 

This  paper  presents  a  concise,  parsimo¬ 
nious  theory  of  multipolar  nuclear  stability. 
The  framework  is  intended  to  enable  un¬ 
derstanding  of  force  structure  and  other 
relationships  which  affect  incentives  to 
strike  and  incentives  to  preempt,  unilater¬ 
ally  or  in  coalitions. 

The  paper  addresses  warfare  involving 
three  armed  sides  and  one  unarmed  side. 
There  are  presently  five  major  nuclear 
powers:  the  United  States,  Russia,  Britain, 
France  and  China.  The  aggregation  into 
three  armed  sides  and  one  unarmed  side 
analyzed  in  the  example  presented  here  is 
(1)  United  States,  Britain  and  France,  (2) 
Russia,  (3)  China  and  (4)  "Rest  of  the 
World", 


B.  BACKGROUND 

First-strike  stability  in  a  bipolar  world 
is  defined  and  analyzed  in  Kent  and  Thaler 
(1989)  and,  with  particular  attention  to  the 
impact  of  defense,  in  Kent  and  Thaler 
(1990).  The  concept  of  first-strike  stability, 
addressing  the  incentive  to  preempt  for 
both  sides  due  to  the  "reciprocal  fear  of 
surprise  attack",  was  first  suggested  by 
Schelling  (1960). 

Incentives  to  strike  and  first-strike  sta¬ 
bility  in  a  multipolar  world  are  defined  and 
analyzed  in  Bracken  and  Shubik  (1993). 
Five  nuclear  powers  are  organized  into  all 
possible  coalitions  of  two  sides. 

First-strike  stability  and  strategic  de¬ 
fense  is  the  focus  of  Best  and  Bracken  (1993) 
and  Best  and  Bracken  (1995),  where  five 


*This  is  an  expansion  with  modifications  of  a  previous 
paper.  Copyright  information  form  the  original  publication 
follows: 

Reprinted  by  permission  of  Kluwer  Academic  Pub¬ 
lishers. 

All  Rights  Reserved  @  1995  Kluwer  Academic  Pub¬ 
lishers  and  copyright  holders  as  specified  on  appro¬ 
priate  pages  within. 

No  part  of  the  material  protected  by  this  copyright 
notice  may  be  reproduced  or  utilized  in  any  form  or 
by  any  means,  electronic  or  mechanical,  including 
photocopying,  recording  or  by  any  information  stor¬ 
age  and  retrieval  system,  without  written  permission 
from  the  copyright  owner, 

Jerome  Bracken,  '"Multipolar  Nuclear  Stability:  Incen¬ 
tives  to  Strike  and  Incentives  to  Preempt",  In  Melvin 
L.  Best,  jr.,  John  Hughes-Wilson  and  Andrei  Piontkio- 
wsky  (editors).  Strategic  Stability  in  the  Post-Cold  War 
World  and  the  Future  of  Nuclear  Disarmament,  pages 
203-220.  Printed  in  the  Netherlands. 


powers  are  organized  into  all  possible  coa¬ 
litions  of  two  sides.  The  cost  function  from 
Kent  and  Thaler  (1989,  1990)  is  adopted  as 
the  basic  measure  of  utility,  and  a  multipo¬ 
lar  extension  of  their  bipolar  first-strike  sta¬ 
bility  measure  is  presented.  The  insight  is 
derived  that  though  defenses  are  uniformly 
destabilizing  in  a  bipolar  world,  defenses 
which  are  large  relative  to  the  smaller  pow¬ 
ers  and  small  relative  to  the  larger  powers 
are  stabilizing  in  the  multipolar  world. 

First-strike  stability  with  three  players 
acting  separately  is  introduced  in  Best  and 
Bracken  (1994). 

The  present  paper  allows  three  players 
to  act  separately  or  to  form  two  coalitions. 
There  are  twelve  possible  wars.  A  measure 
of  utility  is  suggested.  Behavior  of  the  three 
armed  sides  is  modeled.  Both  incentives  to 
strike  and  first-strike  stability  are  ad¬ 
dressed.  An  example  is  given  with  several 
variations.  Alternative  utility  functions  are 
discussed.  Of  particular  interest  is  the  role 
of  the  unarmed,  fourth  side  in  influencing 
the  incentives  to  strike  and  the  first-strike 
stability  of  the  three  armed  sides. 

C.  RESOURCES  AND  MEASURES 
1.  Resources 

There  are  three  armed  sides  and  one 
unarmed  ("rest  of  the  world")  side.  The 
data  describing  the  four  sides  are: 

Vi,  V2,  V3,  V4 

=  value  targets  of  sides  1,  2,  3,  4 

Oi,  O2/  O3 

=  offensive  weapons  of  sides  1,  2,  3 

Di,  D2/  D3,  D4 

=  defensive  weapons  of  sides  1,  2,  3,  4 

Some  of  the  offensive  weapons  of  sides 
1,  2  and  3  may  be  vulnerable. 

During  the  war,  all  weapons  are  ex¬ 
pended.  The  value  targets  before  and  after 
the  war  are: 

V},  Vl,  Vl  Vl 

=  value  targets  before  the  war 

V?,  vi  Vi 

=  value  targets  after  the  war 
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2.  Utility 

The  utility  of  a  side  is  dependent  on  the 
state  of  the  world  with  respect  to  value  targets. 
The  utilities  of  Side  i  before  and  after  the  war 
are: 


V’ 

Tjl  =  -  -  -  ’  - 

*  Vj  +  +  Vi+V] 

vf 

Ur  =  v2-+-y:  + 

That  is,  the  utilities  of  Side  i  are  the  fractions  of 
the  world's  value  targets  possessed  by  Side  i 
before  the  war  and  after  the  war,  respectively. 


3.  Incentive  to  Strike 

Incentive  to  strike  for  Side  i  is  the  ratio  of 
the  utility  of  Side  i  after  the  war  to  the  utility  of 
Side  i  before  the  war,  as  follows: 


If  incentive  to  strike  is  greater  than  one.  Side  1 
has  a  larger  fraction  of  the  world's  total  value 
targets  after  the  war  than  before  the  war  and  is 
better  off  from  striking.  If  it  is  equal  to  one.  Side 
1  has  the  same  fraction  and  is  the  same  before 
and  after  striking.  If  it  is  less  than  one.  Side  i  has 
a  smaller  fraction  and  is  worse  off  from  strik¬ 
ing. 

Later  we  will  introduce  a  measure  which  is 
not  simply  a  ratio  of  the  fraction  of  the  world's 
value  targets  possessed  by  a  side,  since  one  or 
more  sides  may  abhor  a  war,  or  may  at  least 
abhor  the  loss  of  their  own  value.  However,  the 
above  function  is  the  most  simple  measure  of 
the  warfare-related  change  in  relative  value  of  a 
side  as  the  result  of  a  war. 


4.  First-Strike  Stability  (Incentive 
Not  to  Preempt) 

First-strike  stability  differs  from  incentive 
to  strike  in  that  it  compares  the  utility  of  a  side 
if  it  strikes  first  to  the  utility  of  a  side  if  it  strikes 
other  than  first,  and  then  examines  all  sides  to 
determine  which  side  fares  relatively  worst 
from  not  striking  first. 


First-strike  stability  of  Side  i  is  as  follows: 


Uf  of  worst  outcome  for  Side  i  for  all  first 
^  strikes  by  other  sides 

'  U7  of  worst  outcome  for  Side  i  for  all  first 
strikes  by  Side  i 


The  first-strike  stability  of  Side  i  is  the  ratio  of 
the  minimum  Uf,  or  worst  outcome,  from  strik¬ 
ing  other  than  first,  to  the  minimum  Uf,  or 
worst  outcome,  from  striking  first.  The  first- 
strike  stability  lies  between  0  and  1. 

The  computation  of  first-strike  stability  of 
Side  i  further  assumes  that  possible  first  strikes 
by  others  will  include  two  sides  in  coalition 
against  Side  i.  However,  first  strikes  by  Side  i 
will  not  include  another  side  in  coalition  with 
Side  i.  In  other  words,  others  can  act  in  a  coa¬ 
lition  against  Side  i,  but  Side  i  cannot  plan  on 
acting  in  a  coalition. 

The  first-strike  stability  of  all  of  the  sides 
taken  together  is: 


S  =  minimum  (Si,  S2,  S3) 

This  can  be  interpreted  as  follows.  The  first 
strike  will  be  undertaken  by  the  side  with  the 
lowest  first-strike  stability,  so  all  sides  have  the 
same  incentive  to  strike  first  as  has  the  side 
with  the  lowest  first-strike  stability. 


D.  POSSIBLE  WARS  AND  ASSUMED 
STRATEGIES 

There  are  twelve  possible  wars  among 
three  armed  sides  and  one  unarmed  side.  The 
armed  sides  may  act  separately  in  the  following 
six  orders:  1  2  3,  1  3  2,  2  1  3,  2  3  1,  3  1  2  and  3 
2  1.  The  armed  sides  may  form  two  coalitions 
and  act  in  the  following  orders:  1  23,  2  13,  3  12, 
12  3,  13  2  and  23  1.  One  or  more  of  the  three 
armed  sides  may  attack  the  unarmed  side,  de¬ 
pending  on  the  calculation  of  the  optimal  allo¬ 
cations. 

For  each  sequence  of  actions,  the  strikers 
know  the  sequence  and  the  behavioral  motiva¬ 
tions  of  the  other  strikers. 


1.  Three  Sides  Acting  Separately 

when  three  sides  act  separately  they  may 
attack  in  any  of  the  six  orders.  Denote  the  first 
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striker  by  a,  the  second  striker  by  b  and  the 
third  striker  by  c.  Denote  the  fourth  side  by  d. 

The  first  striker  a  attacks  b  forces,  c  forces, 
b  value,  c  value  and  d  value,  maximizing  the 
utility  of  the  first  striker.  The  second  striker  b 
attacks  c  forces,  a  value,  c  value  and  d  value, 
maximizing  the  utility  of  the  second  striker. 
The  third  striker  c  attacks  a  value,  b  value  and 
d  value,  maximizing  the  utility  of  the  third 
striker. 

The  optimal  strategies  of  the  three  sides  are 
found  by  working  backward  from  the  end  of 
the  war.  Each  first  and  second  strike  leads  to  an 
optimal  third  strike.  Each  first  strike  leads  to  an 
optimal  second  strike.  Knowing  the  optimal 
third  strike,  the  optimal  second  strike  for  each 
first  strike  can  be  chosen.  Knowing  the  optimal 
second  strike,  the  optimal  first  strike  can  be 
chosen.  The  optimal  first,  second  and  third 
strikes  yield  utilities  for  a,b,c  and  d. 

2.  Three  Sides  Acting  in  Two 
Coalitions 

When  three  sides  form  two  coalitions,  there 
are  two  types  of  wars  -  one  side  attacks  two 
sides  and  two  sides  attack  one  side.  In  all  cases, 
the  fourth  side  is  attacked.  Denote  the  sides  by 
a,b,c  and  d. 

In  the  first  three  wars,  where  the  first  coa¬ 
lition  of  one  side  attacks  the  second  coalition  of 
two  sides,  the  first  coalition  chooses  its  coun¬ 
terforce  and  countervalue  allocation  to  maxi¬ 
mize  its  utility,  and  the  second  coalition 
chooses  its  countervalue  allocation  to  maximize 
its  utility.  The  first  coalition  of  side  a  attacks  b 
forces,  c  forces,  b  value,  c  value  and  d  value. 
Then  the  second  coalition  of  sides  b  and  c  at¬ 
tacks  a  value  and  d  value  -  it  maximizes  its 
utility  by  destroying  the  maximum  possible 
number  of  value  targets  of  sides  a  and  d.  The 
optimal  choice  of  the  first  coalition  anticipates 
the  optimal  choice  of  the  second  coalition. 

In  the  second  three  wars,  where  the  first 
coalition  of  two  sides  attacks  the  second  coali¬ 
tion  of  one  side,  the  first  coalition  chooses  its 
counterforce  and  countervalue  allocation  to 
maximize  the  minimum  utility  of  its  two  indi¬ 
vidual  members.  The  second  coalition  of  one 
side  chooses  its  countervalue  allocation  to  max¬ 
imize  its  utility.  The  first  coalition  of  sides  a  and 
b  attacks  c  forces,  c  value  and  d  value.  Then  the 
second  coalition  of  side  c  attacks  a  value,  b 
value  and  d  value.  The  optimal  choice  of  the 


first  coalition  anticipates  the  optimal  choice  of 
the  second  coalition. 

E.  EXAMPLE 
1.  Data 

The  resources  in  the  example  are  as  fol¬ 
lows: 

Value  targets  Vi,  V2,  V3,  V4 

=  3000,  2000,  1000,  2000 

Offensive  weapons  Oi,  O2,  O3 

=  4000,  3000,  1000 

Defensive  weapons  Di,  D2,  D3,  D4 

=  0,  0,  0,  0 

Side  1  is  the  United  States,  Britain  and 
France,  Side  2  is  Russia  and  Side  3  is  China. 
Side  4  is  the  rest  of  the  world. 

Value  target  data  are  consistent  with  the 
upper  range  of  the  Committee  on  International 
Security  and  Arms  Control,  National  Academy 
of  Sciences  (1988)  and  with  the  medium  range 
of  the  Congressional  Budget  Office  (1991).  Of¬ 
fensive  weapon  data  are  consistent  with  START 
II  levels  of  the  United  States  and  Russia, 
present  weapon  levels  of  Britain  and  France, 
and  a  substantially  expanded  arsenal  for  China. 

The  fractions  of  offensive  weapons  of  Sides 
1,  2  and  3  assumed  to  be  vulnerable  are  .5,  .67 
and  .67,  respectively.  In  other  words,  one-half 
of  the  side  1  weapons  are  invulnerable  and 
one-third  of  the  side  2  and  side  3  weapons  are 
invulnerable. 

The  attrition  to  vulnerable  offensive  weap¬ 
ons  (weapon  targets)  and  to  value  targets  are 
calculated  from  the  following  equations: 
Weapon  Targets  Killed  =  Weapon  Targets  X 
(1  -  exp  [  -  (3.0  Attacking  Weapons /Weapon 
Targets)  ]) 

Value  Targets  Killed  =  Value  Targets  X  (1  -  exp 
[  -  (1.5  Attacking  Weapons/Value  Targets)  ]) 
Here  exp  [  -  Z  ]  denotes  the  negative  ex¬ 
ponential  operation  on  Z  and 
(1  —  exp  [  —  (Parameter  X  Attacking  Weapons/ 
Targets)  ]) 

is  the  proportion  of  targets  killed. 

For  ratios  of  attackers  to  targets  of  .25  to  2.0, 
with  the  parameters  3.0  for  vulnerable  weapon 


Military  Operations  Research,  V3  N1  1997 


Page  7 


MULTIPOLAR  NUCLEAR  STABILITY:  INCENTIVES  TO  STRIKE  AND  INCENTIVES  TO  PREEMPT 


targets  killed  and  1.5  for  value  targets  killed, 
the  attrition  equations  yield  the  following  pro¬ 
portional  damages: 

Attackers /Targets  Vulnerable  Value  Targets 

Weapon  Targets  Killed 
Killed 

.25  .53  .31 

.5  .78  .53 

TO  .95  .78 

2.0  .998  .95 

There  is  a  decreasing  marginal  utility  of 
assigning  weapons  to  targets.  Weapon  targets 
are  relatively  more  lucrative  because  weapon 
targets  are  assumed  to  involve  systems  with 
multiple  warheads  (ICBMs)  and  systems  with 
many  weapons  vulnerable  per  target  (subma¬ 
rines  in  port  and  bombers  on  bases);  weapon 
targets  killed  per  weapon  expended  is  high  for 
small  attacks.  This  is  reflected  in  the  larger 
parameter  used  in  the  weapon  target  attrition 
equation. 

2.  Aliocation  Possibilities  for 
Twelve  Possible  Wars 

There  are  twelve  possible  wars  to  be  exam¬ 
ined.  For  each  war  certain  allocation  possibili¬ 
ties  are  examined,  which  arc  discussed  in  this 
section. 

There  are  three  different  types  of  sequential 
optimization  problems  among  the  three  sides. 
There  are  six  cases  in  which  the  three  sides  act 
separately,  three  cases  where  one  side  attacks 
two  sides  and  three  cases  where  two  sides  at¬ 
tack  one  side.  For  each  stage  of  the  war  the 
optimization  process  allows  the  attacker  to 
choose  one  allocation  from  among  a  number  of 
available  possible  allocations.  These  possible 
allocations  are  chosen  to  sp)an  the  space  of 
available  choices.  The  optimization  is  thus  on  a 
finite  grid  of  choices  and  is  limited  by  the  den¬ 
sity  of  the  grid. 

For  the  six  cases  of  three  sides  acting  sep¬ 
arately,  the  first  striker  has  93  choices  of  allo¬ 
cation  to  five  target  classes,  the  second  striker 
has  45  choices  of  allocation  to  four  target  classes 
and  the  third  striker  has  10  choices  of  allocation 
to  three  target  classes. 

The  93  choices  of  the  first  striker  are  gen¬ 
erated  as  follows.  There  are  five  combinations 
of  TO  to  one  of  the  five  target  classes,  ten  com¬ 


binations  of  .5  each  to  two  of  the  five  target 
classes,  ten  combinations  of  .33  each  to  three  of 
the  five  target  classes,  five  combinations  of  .25 
each  to  four  of  the  five  target  classes,  and  one 
choice  of  .2  each  to  all  of  the  five  target  classes, 
-  this  totals  31  choices.  There  can  also  be  addi¬ 
tional  numbers  of  weapons  drawn  off  to  attack 
Side  4  value  targets.  The  amounts  drawn  off  to 
attack  Side  4  value  targets  can  be  0.0,  0.1  or  0.2 
of  the  total  weapons.  Thus  there  are  3  X  31  =  93 
possible  choices. 

Following  are  the  proportions  of  weapons 
allocated  to  the  five  target  classes  for  the  par¬ 
ticular  case  of  .2  each  to  all  of  the  five  target 
classes,  with  proportions  .0,  .1  and  .2  of  all 
allocations  drawn  off  to  attack  Side  4  value 
targets  (equivalently,  d  value): 

extra  to 
Side  4 


value 

b 

b 

c 

c 

d 

targets 

forces 

value 

forces 

value 

value 

.0 

.2 

.2 

.2 

.2 

.2 

.1 

.18 

,18 

.18 

.18 

.28 

.2 

.16 

.16 

.16 

.16 

.36 

The  45  choices  of  the  second  striker  are 
generated  as  follows.  There  are  four  combina¬ 
tions  of  1.0  to  one  of  the  four  target  classes,  six 
combinations  of  .5  each  to  two  of  the  four  target 
classes,  four  combinations  of  .33  each  to  three  of 
the  four  target  classes  and  one  choice  of  .25 
each  to  four  target  classes  -  this  totals  15 
choices.  There  can  also  be  additional  numbers 
of  weapons  drawn  off  to  attack  Side  4  value 
targets.  The  amounts  drawn  off  to  attack  Side  4 
value  targets  can  be  0.0,  0.1  or  0.2  of  the  total 
weapons.  Thus  there  are  3  X  15  =  45  possible 
choices. 

The  10  choices  of  the  third  striker  allow  all 
combinations  of  TO  to  one  of  the  three  target 
classes,  .5  each  to  two  of  the  three  target  classes, 
.33  each  to  the  three  target  classes  and  a  mix  of 
.5  to  one  target  class  and  .25  each  to  two  target 
classes. 

Thus  from  the  choices  of  the  three  strikers 
acting  separately  there  are  93  X  45  X  10  = 
41,850  possible  paths  to  be  followed. 

For  the  three  cases  of  one  side  attacking 
two  sides,  the  first  striker  has  180  choices  of 
attacking  five  types  of  target  classes  and  the 
second  striker  has  25  choices  of  attacking  two 
types  of  target  classes.  Thus  there  are  180  X 
25  =  9,500  possible  paths. 
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For  the  three  cases  of  two  sides  attacking 
one  side,  the  first  striker  has  10  choices  of  at¬ 
tacking  three  target  classes  and  the  second 
striker  has  10  choices  of  attacking  three  target 
classes,  for  a  total  of  100  possible  paths. 


3.  Computational  Implementation 

The  computational  implementation  is  a 
modification  of  the  model  documented  in 
Bracken  (1993),  which  treats  three  armed  sides 
and  one  unarmed  side.  That  model,  however,  is 
based  on  the  costs  of  Kent  and  Thaler  (1989, 
1990)  and  considers  incentive  to  preempt  only; 
incentives  to  strike  to  improve  after-war  posi¬ 
tion  as  compared  to  before-war  position  are  not 
addressed  therein.  The  present  analysis  modi¬ 
fies  that  model  to  define  utilities  and  to  con¬ 
sider  both  incentive  to  strike  and  first-strike 
stability. 


4.  Results 

Table  1  gives  results  of  the  calculations  for 
the  twelve  possible  wars.  Presented  are  value 
targets  before  the  war,  value  targets  after  the 
war,  utilities  before  the  war,  utilities  after  the 
war,  incentives  to  strike  and  first-strike  stabil¬ 
ity. 

These  results  are  for  the  optimal  strategies 
as  described  above.  That  is,  for  example,  for  the 
order  12  3,  Side  1  maximizes  his  utility  know¬ 
ing  that  Side  2  will  maximize  his  utility  know¬ 
ing  that  Side  3  will  maximize  his  utility,  and 
Sides  1,  2,  3  and  4  have  value  targets  after  the 
war  which  equal  1044, 134, 165  and  319,  respec¬ 
tively.  All  of  the  41,850  paths  are  explored  to 
generate  the  optimal  behavior  of  Sides  1,  2  and 
3.  Side  4  has  no  choices,  but  simply  obtains  the 
result  of  the  optimal  behavior  of  the  other  sides. 

Asterisks  on  incentives  to  strike  denote  the 
first  striker  in  a  sequence.  In  the  first  six  wars, 
where  the  three  sides  act  separately,  the  utilities 
of  the  first  strikers  are  always  improved  -  all  of 
the  incentives  to  strike  are  equal  to  or  greater 
than  one.  In  the  next  three  wars,  where  one  side 
atacks  two  sides,  incentive  for  Side  1  is  greater 
than  one  and  incentives  for  Sides  2  and  3  are 
less  than  one.  In  the  last  three  wars,  where 
coalitions  must  form,  incentives  are  all  greater 


than  one;  the  incentives  for  Sides  2  and  3  to 
combine  are  least. 

Table  1  gives  first-strike  stability  of  each 
side  in  the  three  columns.  To  the  right  is  the 
first-strike  stability  of  all  sides  taken  together. 

Also,  first-strike  stability  is  evaluated  three 
ways.  Measure  1  is  that  defined  previously; 
namely,  first-strike  stability  S  is  the  minimum 
of  the  first-strike  stabilities  of  the  three  sides.  It 
may  involve  ratios  of  small  numbers  -  the  util¬ 
ity  for  going  other  than  first  (in  the  numerator) 
may  be  very  small  and  the  utility  for  going  first 
(in  the  denominator)  may  also  be  very  small. 
This  may  result  in  a  low  first-strike  stability, 
though  preemption  may  not  be  reasonable 
since  the  side  with  these  properties  may  well 
not  be  motivated  to  strike  first. 

To  alleviate  this  problem,  the  next  two  first- 
strike  stability  measures  are  modifications  of 
the  first  measure,  defined  to  override  ratios  of 
small  utilities  for  one  or  more  sides  by  consid¬ 
ering  explicitly  both  after-war  utility  and  be¬ 
fore-war  utility.  Measure  2(.5)  sets  first-strike 
stability  equal  to  1.0  when  the  incentive  to 
strike  is  equal  to  or  less  than  .5;  that  is,  if  the 
ratio  of  after-war  utility  to  before-war  utility  is 
less  than  one-half,  a  side  will  not  preempt  even 
if  it  may  be  relatively  better  off  striking  than 
waiting  should  war  occur.  Similarly,  Measure 
3(.9)  sets  stability  equal  to  1.0  when  the  incen¬ 
tive  to  strike  is  equal  to  or  less  than  .9.  Measure 
2(.5)  and  Measure  3(.9)  essentially  require  that, 
even  if  it  is  relatively  better  off  in  after-war 
terms  if  it  strikes  first  than  if  it  waits  and  some 
one  else  strikes  first,  no  side  will  strike  first  if  its 
utility  after  the  war  is  less  than  .5  or  .9,  respec¬ 
tively,  of  its  utility  before  the  war. 

First-strike  stabilities  for  the  three  sides  for 
Measure  1  are  ,46,  .46  and  ,51.  Sides  1  and  2  are 
equally-motivated  and  Side  3  is  least-motivated 
to  preempt.  First-strike  stabilities  for  Measure 
2(.5)  are  .46,  .46  and  1.00.  Sides  1  and  2  are 
equally-  motivated  to  preempt  and  Side  3  is 
stable  -  Side  3's  lowest  measure  of  incentive  to 
strike  of  .24  places  it  below  the  cutoff  for  Mea¬ 
sure  2(.5).  First-strike  stabilities  for  Measure 
3(.9)  are  .46,  1.00  and  1.00;  Side  1  is  most-moti¬ 
vated  to  preempt.  This  illustrates  how  first- 
strike  stability  of  three  sides  individually  and  of 
three  sides  taken  together  changes  as  the  mea¬ 
sure  changes. 

Overall,  for  all  three  measures,  first-strike 
stability  is  .46,  although  the  incentives  of  the 
three  sides  differ  within  the  measure. 
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Table  1.  Results  for  Example 


\’alue  Targets  Before  the  War 


Side  1 

Side  2 

3000. 

2000. 

Value  Targets  After  the  War 

Order 

1  2  3 

1044. 

134. 

1  3  2 

892. 

173. 

2  1  3 

785. 

721. 

2  3  1 

296. 

446. 

3  1  2 

892. 

181. 

3  2  1 

336. 

446. 

1  23 

1104. 

446. 

2  13 

2141. 

648. 

3  12 

3000. 

2000. 

12  3 

2760. 

1765. 

13  2 

2164. 

307. 

23  1 

1104. 

799. 

Utilities  Before  the  War 

Utilities  After  the  War 

.38 

.25 

1  2  3 

.63 

.08 

1  3  2 

.69 

.13 

2  1  3 

.39 

.36 

2  3  1 

.25 

.38 

3  1  2 

.60 

.12 

3  2  1 

.27 

.36 

1  23 

.54 

.22 

2  13 

.59 

.18 

3  12 

.57 

.38 

12  3 

.58 

.37 

13  2 

.62 

.09 

23  1 

Incentives  to  Strike 

.41 

.30 

1  2  3 

M.67 

,32 

1  3  2 

M.83 

.53 

2  1  3 

1.04 

*1.43 

2  3  1 

.67 

*1.50 

3  1  2 

1.61 

,49 

3  2  1 

.72 

1.44 

1  23 

*1.44 

.87 

2  13 

1.56 

*  .71 

3  12 

1.51 

1.51 

12  3 

*1.55 

*1.49 

13  2 

*1.65 

.35 

23  1 

First-Strike  Stability 

1.11 

*1.20 

Measure  1 

.46 

.46 

Measure  2  (.5) 

.46 

.46 

Measure  3  (.9) 

.46 

1.00 

Side  3 

Side  4 

1000. 

2000. 

165. 

319. 

91. 

141. 

223. 

284. 

223. 

222. 

325. 

81. 

223. 

235. 

50. 

446. 

363. 

506. 

160. 

128. 

72. 

145. 

613. 

419. 

399. 

358. 

.13 

.25 

.10 

.19 

.07 

,11 

.11 

.14 

.19 

.19 

.22 

.05 

.18 

.19 

.02 

.22 

.10 

.14 

.03 

.02 

.02 

.03 

.17 

.12 

.15 

.13 

.80 

.77 

,56 

.44 

.89 

.56 

1.50 

.75 

*1.76 

.22 

*1.44 

.76 

.19 

.87 

.79 

.55 

*.24 

.10 

.12 

.12 

*1.40 

.48 

*1.20 

.54 

All  Sides 

.51 

.46 

1.00 

.46 

1.00 

.46 
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F.  VARIATIONS  OF  EXAMPLE 
1.  Defenses 

Three  defenses  are  investigated,  as  follows: 

Di,  D2,  D3,  D4  =  1000,  1000,  0,  0 

Di,  D2,  D3,  D4  =  1000,  1000,  0,  1000 

Dj,  D2/ 1-^3/ 1-^4  “  2000,  2000,  0,  0 

The  first  defense  is  1000  perfect  intercep¬ 
tors  each  for  Side  1  and  Side  2  and  none  for  Side 
3  and  Side  4.  This  defense  is  large  enough  to 
protect  Side  1  and  Side  2  from  strikes  by  Side  3 
alone.  Side  3  can  still  act  in  coalition  with  Side 
1  or  Side  2,  and  Side  3  can  still  attack  Side  4. 

The  second  defense  is  1000  perfect  defend¬ 
ers  each  for  Sides  1,  2  and  4  and  none  for  Side 
3.  Now,  Side  4  is  protected  from  attack  by  Side 
3. 

The  third  defense  is  2000  perfect  intercep¬ 
tors  each  for  Side  1  and  Side  2  and  none  for  Side 
3  and  Side  4.  Now,  Side  1  and  Side  2  can  par¬ 
tially  defend  themselves  against  each  other. 
This  is  the  type  of  defense  which  induces  first- 
strike  instability.  One  side  can  attack  with  more 
weapons  than  can  be  confronted  by  the  defense 
of  the  other,  with  the  penetrating  attackers  al¬ 
located  to  counterforce  and  countervalue  mis¬ 
sions  such  that  they  kill  vulnerable  weapons 
and  value  targets;  the  relatively  few  surviving 
weapons  of  the  second  striker  cannot  effec¬ 
tively  penetrate  the  defense  of  the  first  striker 
and  thus  few  value  targets  of  the  first  striker  are 
destroyed.  Whichever  side  strikes  first  does 
much  better  and  thus  both  sides  are  highly 
motivated  to  preempt. 

Table  2  presents  results  for  defense  1000, 
1000,  0,  0,  Comparing  Table  2  with  Table  1  (the 
undefended  case),  incentives  to  strike  for  Side  1 
and  Side  2  are  higher  in  Table  2  while  incen¬ 
tives  to  strike  for  Side  3  are  far  lower.  Side  3  is 
removed  from  being  a  unilateral  problem;  for 
the  orders  3  12  and  3  2  1,  incentives  to  strike 
drop  from  1.76  and  1.44  in  Table  1  to  .83  and  .31 
in  Table  2.  As  in  Table  1  the  results  are  for  the 
optimal  allocations  for  each  of  the  twelve  se¬ 
quences  of  moves. 

For  Measure  1,  first-strike  stability  of  Side  1 
increases  from  .46  to  .60,  first-strike  stability  of 
Side  2  decreases  from  .46  to  .31  and  first-strike 
stability  of  Side  3  decreases  from  .51  to  .07;  thus 
overall  first-strike  stability  decreases  from  .46 
to  .07.  But  Measure  1  involves  for  Side  3  a  ratio 


of  very  small  utilities  since  Side  3  is  severely 
damaged  both  as  a  first  striker  or  as  other  than 
a  first  striker.  For  Measure  2(.5),  overall  first 
strike  stability  decreases  from  .46  to  .31;  Side  2 
is  the  least  stable.  For  Measure  3(.9),  however, 
overall  first-strike  stability  increases  from  .46  to 
.60,  since  only  Side  1  has  incentive  to  strike 
exceeding  .9. 

Table  3  gives  results  for  defense  1000, 1000, 
0, 1000.  Comparing  Table  3  with  Table  2,  incen¬ 
tives  to  strike  for  Sides  1,  2  and  3  are  usually 
lower.  Of  particular  interest  is  that,  for  Measure 
2(.5),  first-strike  stability  increases  from  .31  to 
.59,  and  for  Measure  3(.9),  first-strike  stability 
increases  from  .60  to  1.00  (due  to  Side  1  having 
incentive  to  strike  for  sequence  1  23  of  ,85).  The 
qualitative  result  is  that,  overall,  first-strike  sta¬ 
bility  is  increased  by  defending  Side  4,  the  un¬ 
armed  side. 

Table  4  gives  results  for  defenses 
2000,2000,0,0.  Comparing  Table  4  with  Table  1 
(the  undefended  case),  incentives  to  strike  for 
Side  1  and  Side  2  are  significantly  higher.  In¬ 
centive  to  strike  for  Side  3  is  significantly  lower. 
First-strike  stability  for  Side  1  is  higher  and 
first-strike  stability  for  Side  2  is  lower.  First- 
strike  stability,  overall,  is  lower  for  all  mea¬ 
sures. 

Comparing  Table  4  with  Table  2  (defenses 
for  Side  1  and  Side  2  have  been  increased  from 
1000  to  2000),  incentives  to  strike  for  Side  1  and 
Side  2  increase.  For  Side  2,  incentive  to  strike 
for  order  2  13  goes  from  .85  (worse  off)  to  1.30 
(better  off).  This  results  in  overall  first-strike 
stability  for  Measure  3(.9)  being  significantly 
lower  ~  decreasing  from  .60  in  Table  2  to  .38  in 
Table  4.  This  is  the  qualitative  effect  discussed 
earlier.  Going  from  0  to  1000  Side  1  and  Side  2 
defenders  increases  first-strike  stability,  but  go¬ 
ing  from  1000  to  2000  Side  1  and  Side  2  defend¬ 
ers  decreases  first-strike  stability  to  below  the 
undefended  case  of  Table  1;  this  is  particularly 
true  if  one  believes  that  Measure  3  (.9)  is  the 
most  plausible  of  the  three  measures. 

Of  note  in  Table  4  is  that  for  almost  all 
attack  orders  Side  1  and  Side  2  have  greater 
survival  of  value  targets  than  in  Table  1  and 
Table  2.  Defenses  both  decrease  their  losses 
from  striking  each  other  and  encourage  them  to 
strike  Side  3  and  Side  4. 

2.  Vulnerable  Weapons 

Total  weapons  of  Sides  1,  2  and  3  are  4000, 
3000  and  1000,  respectively.  The  variation  is  to 
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Table  2.  Results  for  Defense  1000,1000,0,0 


\'alue  Targets  Before  the  War 


Side  1 

Side  2 

Side  3 

Side  4 

3000. 

2000. 

1000. 

2000. 

^^^luc  Targets  After  the  War 

Order 

1  2  3 

3000. 

876. 

190. 

102. 

1  3  2 

2336. 

211. 

325. 

287. 

2  1  3 

1820. 

2000. 

160. 

122. 

2  3  1 

1820. 

2000. 

160. 

135. 

3  1  2 

2336. 

285. 

325. 

194. 

3  2  1 

1820. 

2000. 

160. 

135. 

1  23 

3000. 

1375. 

223. 

360. 

2  13 

1104. 

649. 

1000. 

307. 

3  12 

3000. 

2000. 

72. 

27. 

12  3 

3000. 

2000. 

5. 

0. 

13  2 

1104. 

649. 

1000. 

307. 

23  1 

3000. 

676. 

1000. 

446. 

Utilities  Before  the  War 

.38 

.25 

.13 

.25 

Utilities  After  the  War 

1  2  3 

.72 

.21 

.05 

.02 

1  3  2 

.74 

.07 

.10 

.09 

2  1  3 

.44 

.49 

.04 

.03 

2  3  1 

.44 

.49 

.04 

.03 

3  1  2 

.74 

.09 

.10 

.06 

3  2  1 

.44 

.49 

.04 

.03 

1  23 

.61 

.28 

.05 

.07 

2  13 

.36 

.21 

.33 

.10 

3  12 

.59 

.39 

.01 

.01 

12  3 

.60 

.40 

.00 

.00 

13  2 

.36 

.21 

.33 

.10 

23  1 

.59 

.13 

.20 

.09 

Incentives  to  Strike 

1  2  3 

n.92 

.84 

.36 

.10 

1  3  2 

^^1.97 

.27 

.82 

.36 

2  1  3 

1.18 

*1.95 

.31 

.12 

2  3  1 

1.18 

*1.94 

.31 

.13 

3  1  2 

1.98 

.36 

*.83 

.25 

3  2  1 

1.18 

1.94 

*.31 

.13 

1  23 

*1.61 

1.11 

.36 

.29 

2  13 

.96 

*.85 

2.61 

.40 

3  12 

1.57 

1.57 

Ml 

.02 

12  3 

*1.60 

*1.60 

.01 

.00 

13  2 

*.96 

.85 

*2.61 

.40 

23  1 

1.56 

*.53 

M.56 

.35 

First-Strike  Stability 

All  Sides 

Measure  1 

.60 

.31 

.07 

.07 

Measure  2  (3) 

.60 

.31 

1.00 

.31 

Measure  3  (.9) 

.60 

1.00 

1.00 

.60 
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Table  3.  Results  for  Defense  1000,1000,0,1000 


Value  Targets  Before  the  War 


Side  1 

Side  2 

Side  3 

Side  4 

3000. 

2000. 

1000. 

2000. 

Value  Targets  After  the  War 

Order 

123 

3000. 

1194. 

76. 

1287, 

1  3  2 

3000. 

1194. 

76. 

1287. 

2  1  3 

1104. 

2000. 

91. 

700. 

23  1 

1104. 

945. 

1000. 

945. 

3  1  2 

3000. 

1194. 

76. 

1287. 

32  1 

1104. 

945. 

1000. 

945. 

1  23 

1894. 

1081. 

1000. 

2000. 

2  13 

1936. 

1155. 

1000. 

1155. 

3  12 

3000. 

2000. 

72. 

83, 

12  3 

3000. 

2000. 

5. 

307. 

13  2 

1104. 

649. 

1000. 

649. 

23  1 

669. 

945. 

1000. 

945. 

Utilities  Before  the  War 

.38 

.25 

.13 

.25 

Utilities  After  the  War 

1  2  3 

.54 

.21 

.01 

.23 

132 

.54 

.21 

.01 

.23 

2  1  3 

.28 

.51 

.02 

.18 

23  1 

.28 

.24 

,25 

.24 

3  1  2 

.54 

.21 

.01 

.23 

3  2  1 

.28 

.24 

.25 

.24 

1  23 

.32 

.18 

.17 

.33 

2  13 

.37 

.22 

.19 

.22 

3  12 

.58 

.39 

.01 

.02 

12  3 

.56 

.38 

.00 

.06 

13  2 

.32 

.19 

.29 

.19 

23  1 

.19 

.27 

.28 

.27 

Incentives  to  Strike 

123 

n.44 

.86 

.11 

.93 

1  32 

n.44 

.86 

.11 

.93 

2  13 

.76 

^^2.05 

.19 

.72 

23  1 

.74 

^95 

2.00 

.95 

3  1  2 

1.44 

.86 

Ml 

.93 

3  2  1 

.74 

.95 

*2.00 

.95 

1  23 

^85 

.72 

1.34 

1.34 

2  13 

.98 

00 
00 
*  * 

1.53 

.88 

3  12 

1.55 

1.55 

Ml 

.06 

12  3 

n.5i 

n.5i 

.01 

.23 

13  2 

^87 

.76 

*2.35 

.76 

23  1 

.50 

n.06 

*2.25 

1.06 

First-Strike  Stability 

All  Sides 

Measure  1 

.59 

.82 

.07 

.07 

Measure  2  (,5) 

.59 

.82 

1.00 

.59 

Measure  3  (.9) 

1.00 

1.00 

1.00 

1.00 
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Table  4.  Results  for  Defense  2000,2000,0,0 


\\ilue  Targets  Before  the  War 


Side  1 

Side  2 

3000. 

2000. 

Value  Targets  After  the  War 

Order 

1  2  3 

3000. 

446. 

1  3  2 

3000. 

446. 

2  1  3 

1820. 

2000. 

2  3  1 

1820. 

2000. 

3  1  2 

3000. 

446. 

3  2  1 

1820. 

2000. 

1  23 

3000. 

1573. 

2  13 

3000. 

2000. 

3  12 

3000. 

2000. 

12  3 

3000. 

2000. 

13  2 

1820. 

2000. 

23  1 

3000. 

446. 

Utilities  Before  the  War 

Utilities  After  the  War 

.38 

.25 

1  2  3 

.83 

.12 

1  3  2 

.82 

.12 

2  1  3 

.47 

.51 

2  3  1 

.47 

.51 

3  1  2 

.82 

.12 

3  2  1 

.47 

.51 

1  23 

.61 

.32 

2  13 

.49 

.33 

3  12 

.59 

.39 

12  3 

.60 

.40 

13  2 

.37 

.41 

23  1 

Incentives  to  Strike 

.66 

.10 

1  2  3 

"^2.21 

.49 

1  3  2 

*^2.20 

.49 

2  1  3 

1.25 

*2.06 

2  3  1 

1.24 

*2.05 

3  1  2 

2.20 

.49 

3  2  1 

1.24 

2.05 

1  23 

^^1.64 

1.29 

2  13 

1.30 

*1.30 

3  12 

1.57 

1.57 

12  3 

*1.60 

*1.60 

13  2 

*1.00 

1.64 

23  1 

First-Strike  Stability 

1.76 

*.39 

Measure  1 

.76 

.38 

Measure  2  (.5) 

.76 

.38 

Measure  3  (.9) 

.76 

.38 

Side  3 

Side  4 

1000. 

2000. 

105. 

64. 

105. 

87. 

50. 

15. 

50. 

39. 

105. 

87. 

50. 

39. 

138. 

176. 

1000. 

151. 

72. 

27. 

5. 

0. 

1000. 

47. 

1000. 

100. 

.13 

.25 

.03 

.02 

.03 

.02 

.01 

.00 

.01 

.01 

.03 

.02 

.01 

.01 

.03 

.04 

.16 

.02 

.01 

.01 

.00 

.00 

.21 

.01 

.22 

.02 

.23 

.07 

.23 

.10 

.10 

.02 

.10 

.04 

*.23 

.10 

MO 

.04 

.23 

.14 

1.30 

.10 

Ml 

.02 

.01 

.00 

*1.64 

.04 

*1.76 

.09 

AH  Sides 

.08 

.08 

1.00 

.38 

1.00 

.38 
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raise  the  number  of  weapons  which  are  vulner¬ 
able  from  2000,  2000  and  667  to  3000,  2700  and 
900. 

This  would  correspond  to,  for  Side  1,  1000 
of  the  4000  weapons  on  submarines  at  sea  and 
all  land-based  missiles  and  bombers  vulnera¬ 
ble,  for  Side  2,  300  of  the  3000  weapons  at  sea  or 
on  untargetable  missiles  and,  for  Side  3,  100  of 
the  1000  weapons  at  sea  or  on  untargetable 
missiles. 

The  earlier  case  to  which  this  comparison  is 
made  is  that  of  Table  2,  for  defense  1000,  1000, 
0,  0. 

Comparing  Table  5,  where  there  are  more 
vulnerable  weapons,  with  Table  2,  now  Side  2 
can  attack  Sides  1  and  3,  in  the  order  2  13,  and 
be  better  off  -  incentive  to  strike  for  order  2  13 
increases  from  .85  to  1.26.  This  is  because,  in 
Table  2,  Side  2  is  not  motivated  to  attack  Side  1 
weapons,  leaving  them  to  destroy  much  of  Side 
2  in  response,  but  in  Table  5  Side  2  is  motivated 
to  attack  Side  1  weapons  since  more  Side  1 
weapons  are  vulnerable.  Side  1  weapons  in¬ 
stead  attack  the  undefended  Side  4. 

First-strike  stability  decreases.  For  Measure 
2(.5)  it  decreases  from  .31  to  .21.  For  Measure  3 
(.9)  it  decreases  from  .60  to  .21. 


G.  ALTERNATE  UTILITY  FUNCTION 

The  cost  function  of  Kent  and  Thaler 
(1989,1990)  is 

Cost  =  Damage  to  Self  —  Weight 

X  Damage  to  Others  +  Weight, 

where  Weight  is  a  parameter  designed  to  dis¬ 
count  damage  to  others  and  the  equation  de¬ 
fines  cost  between  0  and  1  +  Weight.  Weight  is 
usually  set  to  .3,  resulting  in  valuing  damage  to 
self  significantly  more  than  damage  to  others 
and  resulting  in  cost  being  defined  from  0  to 
1.3.  If  Weight  is  equal  to  1.0,  all  sides  are  treated 
the  same  and  cost  is  defined  from  0  to  2. 

The  utility  function  presented  in  Section  C 
above  and  used  in  the  example  does  not  allow 
a  side  to  discount  the  effects  on  the  other  sides. 
All  sides  are  treated  the  same. 

The  following  utility  function  reflects  all 
three  of  these  criteria:  (1)  one's  percent  of  all  value 
surviving,  (2)  the  undesirability  of  a  war,  and  (3) 


a  preference  for  one's  own  value.  Here  V  denotes 
the  total  value  held  Others  by  the  other  sides. 

Ui  = _ ^ _ 

'  v]  +  +  Yl 

Ml  +  Weight  X  Vj,,hers 
VJ  +  Weight  XVUers 

Vf 

^ vfTvfTvf+vI 

V?  +  Weight  X  V^,hers 
VJ  +  Weight  X  Vj^hers 

That  is,  the  utility  before  the  war  is  the 
percentage  of  the  value  held  by  Side  i,  while  the 
utility  after  the  war  is  the  percent  of  value  held 
by  Side  i  times  the  percent  of  the  original  value 
left,  with  Side  i  setting  a  weight  on  how  much 
he  cares  about  the  others  with  respect  to  origi¬ 
nal  value. 

Tables  6  and  7  give  results  for  Weight  =  1 
(Side  i  values  everyone  the  same)  and  for 
Weight  =  .2  (Side  i  values  others  .2  times  as 
much  as  himself).  Comparing  both  Table  6  and 
Table  7  with  Table  1,  for  the  original  utility 
function,  there  is  now  less  incentive  to  strike. 
This  is  because  all  sides  have  an  incentive  to 
preserve  the  world.  With  respect  to  the  effect  of 
Weight  alone,  the  qualitative  effect  of  going 
from  Table  6  to  Table  7  is  to  decrease  most 
incentives  to  engage  in  warfare  and  to  increase 
first-strike  stability.  These  sensitivities  are  be¬ 
cause  when  Weight  =  .2  all  sides  are  more 
insensitive  to  the  destruction  of  others  and  thus 
perform  more  countervalue  attacks.  Any  initi¬ 
ator  thus  faces  more  damage  to  his  own  value. 


H.  SUMMARY  OF  INSIGHTS 

This  theory  of  multipolar  nuclear  stability 
attempts  to  encompass  the  minimum  number 
of  entities  which  affect  the  problem. 

The  resources  are:  (1)  value  targets  of  Sides 

I, 2,3,4,  (2)  offensive  weapons  of  Sides  1,2,3  and 
(3)  defenses  of  Sides  1,2,3,4,  Some  of  the  offen¬ 
sive  weapon  resources  may  be  vulnerable. 
There  are  two  attrition  functions,  counterforce 
and  countervalue. 

The  behavioral  motivations  are  captured  in 
the  utility  function  -  incentive  to  strike  and 
first-strike  stability. 
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Table  5.  Results  for  Defense  1000,1000,0,0  and  Increased  Vulnerability  of  Offensive  Weapons 


\’alue  Targets  Before  the  War 


Side  1 

Side  2 

Side  3 

Side  4 

3000. 

2000. 

1000. 

2000. 

\’alue  Targets  After  the  War 

Order 

1  2  3 

3000. 

876. 

268. 

129. 

1  3  2 

2336. 

211. 

325. 

287. 

2  1  3 

1961. 

2000. 

180. 

35. 

2  3  1 

1961. 

2000. 

180. 

40. 

3  1  2 

2336. 

285. 

325. 

194. 

3  2  1 

1961. 

2000. 

180. 

32. 

1  23 

3000. 

1453. 

259. 

294. 

2  13 

3000. 

2000. 

1000. 

329. 

3  12 

3000. 

2000. 

72. 

27. 

12  3 

3000. 

2000. 

5. 

0. 

13  2 

1104. 

649. 

1000. 

307. 

23  1 

2336. 

1470. 

347. 

42. 

Utilities  Before  the  War 

.38 

.25 

.13 

.25 

Utilities  After  the  War 

1  2  3 

.70 

.21 

.06 

.03 

1  3  2 

.74 

.07 

.10 

.09 

2  1  3 

.47 

.48 

.04 

.01 

2  3  1 

.47 

.48 

.04 

.01 

3  1  2 

.74 

.09 

.10 

.06 

3  2  1 

.47 

.48 

.04 

.01 

1  23 

.60 

.29 

.05 

.06 

2  13 

.47 

.32 

.16 

.05 

3  12 

.59 

.39 

.01 

.01 

12  3 

.60 

.40 

.00 

.00 

13  2 

.36 

.21 

.33 

.10 

23  1 

.56 

.35 

.08 

.01 

Incentives  to  Strike 

1  2  3 

M.87 

.82 

.50 

.12 

1  3  2 

M.97 

.27 

.82 

.36 

2  1  3 

1.25 

*1.92 

.35 

.03 

2  3  1 

1.25 

*1.91 

.35 

.04 

3  1  2 

1.98 

.36 

*.83 

.25 

3  2  1 

1.25 

1.92 

*.35 

.03 

1  23 

*1.60 

1.16 

.41 

.23 

2  13 

1.26 

*1.26 

1.26 

.21 

3  12 

1.57 

1.57 

Ml 

.02 

12  3 

*1.60 

*1.60 

.01 

.00 

13  2 

*.96 

.85 

*2.61 

.40 

23  1 

1.49 

*1.40 

*.66 

.04 

First-Strike  Stability 

All  Sides 

Measure  1 

.78 

.21 

.07 

.07 

Measure  2  (.5) 

.78 

.21 

1.00 

.21 

Measure  3  (.9) 

.78 

.21 

1.00 

.21 

Pi7;^C  16 
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Table  6.  Results  for  Alternate  Utility  Function  with  Weight  =  1,0 


Value  Targets  Before  the  War 


Side  1 

Side  2 

Side  3 

Side  4 

3000. 

2000. 

1000. 

2000. 

Value  Targets  After  the  War 

Order 

1  2  3 

3000. 

2000. 

50. 

146. 

1  32 

3000. 

446. 

1000. 

3. 

2  1  3 

3000. 

2000. 

67. 

0. 

23  1 

1820. 

2000. 

105. 

0. 

3  1  2 

3000. 

446. 

1000. 

3. 

32  1 

958. 

1601. 

1000. 

26. 

1  23 

2399. 

945. 

223. 

732. 

2  13 

1527. 

2000. 

132. 

15. 

3  12 

3000. 

1601. 

130. 

85. 

12  3 

2540. 

2000. 

1000. 

2000. 

13  2 

1777. 

307, 

1000. 

2000. 

23  1 

1104. 

2000. 

1000. 

19. 

Utilities  Before  the  War 

.38 

.25 

,13 

.25 

Utilities  After  the  War 

1  23 

.38 

.25 

.01 

.02 

1  3  2 

.38 

.06 

.13 

.00 

2  13 

.38 

.25 

.01 

.00 

23  1 

.23 

.25 

,01 

.00 

3  1  2 

.38 

.06 

.13 

.00 

321 

.12 

.20 

.13 

.00 

1  23 

.30 

.12 

.03 

.08 

2  13 

.19 

.25 

.02 

.00 

3  12 

.38 

.20 

.02 

.01 

12  3 

.32 

.25 

.13 

.22 

13  2 

.22 

.04 

.13 

.22 

23  1 

.14 

.25 

.13 

.00 

Incentives  to  Strike 

123 

n.oo 

1.00 

.05 

.06 

132 

n.oo 

.22 

1.00 

.00 

2  1  3 

1.00 

*1.00 

.07 

.00 

231 

.61 

*1.00 

.11 

.00 

3  1  2 

1.00 

.22 

*1,00 

.00 

3  2  1 

.32 

,80 

*1.00 

.01 

1  23 

*.80 

.47 

,22 

,33 

2  13 

.51 

*1.00 

,13 

,01 

3  12 

1.00 

.80 

*.13 

.04 

12  3 

*.85 

*1.00 

1.00 

.89 

13  2 

*.59 

.15 

*1.00 

.89 

23  1 

.37 

*1.00 

*1.00 

.01 

First-Strike  Stability 

All  Sides 

Measure  1 

.40 

.15 

.38 

.15 

Measure  2  (,5) 

.40 

.15 

1.00 

.15 

Measure  3  (.9) 

1.00 

.15 

1.00 

.15 
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Table  7.  Results  for  Alternate  Utility  Function  with  Weight  =  .2 


\'alue  Targets  Before  the  War 


Side  1 

Side  2 

Side  3 

Side  4 

3000. 

2000. 

1000. 

2000. 

\’alue  Targets  After  the 
Order 

War 

1  2  3 

253S. 

743. 

105. 

36. 

1  3  2 

2089. 

446. 

581. 

132. 

2  1  3 

1392. 

1735. 

408. 

469. 

2  3  1 

1352. 

930. 

465. 

222. 

3  1  2 

1294. 

602. 

642. 

511. 

3  2  1 

1237. 

930. 

465. 

426. 

1  23 

1919. 

945. 

223. 

1023. 

2  13 

3000. 

770. 

1000. 

770. 

3  12 

3000. 

2000. 

160. 

128. 

12  3 

2760. 

1765. 

72. 

145. 

13  2 

2309. 

783. 

675. 

474. 

23  1 

1820. 

910. 

455. 

411. 

Utilities  Before  the  War 

.38 

.25 

.13 

.25 

Utilities  After  the  War 

1  2  3 

.50 

.09 

.01 

.00 

1  3  2 

.37 

.04 

.08 

.01 

2  1  3 

.17 

.30 

.05 

.04 

2  3  1 

.19 

.13 

.06 

.02 

3  1  2 

.17 

.07 

.10 

.05 

3  2  1 

.16 

.13 

.06 

.04 

1  23 

.28 

.11 

.02 

.12 

2  13 

.47 

.07 

.14 

.07 

3  12 

.49 

.31 

.01 

.01 

12  3 

.46 

.27 

.01 

.01 

13  2 

.37 

.09 

.09 

.04 

23  1 

Incenti\-cs  to  Strike 

.28 

.11 

.06 

.04 

1  2  3 

M.34 

.35 

.08 

.01 

1  3  2 

M.OO 

.17 

.66 

.04 

2  1  3 

.44 

U.19 

.38 

.16 

2  3  1 

.51 

^52 

.50 

.08 

3  1  2 

.47 

.27 

*.79 

.21 

3  2  1 

.43 

.52 

*.50 

.18 

1  23 

U73 

.45 

.18 

.48 

2  13 

1.27 

*30 

1.15 

.28 

3  12 

1.31 

1.26 

M2 

.03 

12  3 

M.22 

U.IO 

.05 

.04 

13  2 

U98 

.34 

*.74 

.16 

23  1 

First-Strike  Stability 

.73 

U46 

*.46 

.14 

All  Sides 

Mea'^urc  1 

.59 

.58 

.43 

.43 

Measure  2  (.5) 

.59 

1.00 

1.00 

.59 

Measure  3  (.9) 

1.00 

1.00 

1.00 

1.00 

IS 
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The  three  sides  act  in  any  of  twelve  ways  -  six 
orders  in  which  they  may  strike  separately  and 
six  orders  in  which  they  may  act  in  two  coalitions. 

There  are  thus  sixteen  dimensions  for  re¬ 
sources  and  attriton:  the  eleven  resource  levels, 
the  three  weapon  vulnerability  parameters  and 
the  two  attrition  equations.  They  are  integrated 
by  the  utility  measure  and  the  incentive  mea¬ 
sures  in  examining  all  of  the  twelve  wars.  The 
motivations  to  strike  and  to  preempt  are  the 
focus  of  the  analysis. 

Several  strong  conclusions  can  be  drawn: 

1.  Results  are  sensitive  to  all  of  the  sixteen 
resource  and  attrition  dimensions.  Some  of  the 
sensitivities  are  presented  in  the  paper. 

2.  Stability  increases  and  decreases  can  be 
explained  as  the  sixteen  dimensions  are 
changed. 

3.  An  interesting  finding  with  respect  to 
defenses  is  that  if  each  of  the  large  nuclear 
powers  has  enough  defense  to  block  the  offen¬ 
sive  weapons  of  the  third,  smaller,  nuclear 
power,  but  not  enough  defenses  to  block  a  large 
fraction  of  the  offensive  weapons  of  the  other 
large  nuclear  power,  first-strike  stability  in¬ 
creases.  Adding  defenses  to  the  unarmed  side 
also  increases  stability. 

Specific  results  of  the  analysis  of  the  exam¬ 
ple  are  obtained  for  four  levels  of  defense.  First- 
strike  stability  Measure  3(.9),  where  only  those 
sides  with  a  ratio  of  utility  after  the  war  to 
utility  before  the  war  larger  than  .9  will  initiate, 
yields  the  following: 


Defense  of  Sides  1, 

2,3,4 

First-Strike  Stability 

0, 

0, 

0, 

0 

.46 

1000, 

1000, 

0, 

0 

.60 

1000, 

1000, 

0, 

1000 

1.00 

2000, 

2000, 

0, 

0 

.38 

These  numerical  results  correspond  to  the  con¬ 
clusions  discussed  above.  Stability  increases 
with  smaller  defenses  but  decreases  with  larger 
defenses. 


I.  FURTHER  COMMENTS 

Two  topics  are  addressed  in  this  section. 
The  first  topic  is  a  discussion  of  the  logic  of  why 
small  defenses  are  stabilizing  in  a  world  of 
three  nuclear-armed  powers  when  one  of  the 
powers  is  small.  The  second  topic  is  a  discus¬ 


sion  of  why  the  proposed  model  is  needed  to 
explore  sensitivities  to  key  parameters. 

1.  Discussion  of  Insight  That  Small 
Defenses  Are  Stabilizing 

The  following  argument  can  serve  to  clarify  the 
basic  logic  of  the  more  detailed  deductive  model 
and  computational  results  presented  above. 

The  basic  bipolar  argument  of  Schelling 
(1960),  built  on  by  others,  is  that  deterrence 
stability  requires  that  both  sides  have  a  secure 
second-strike  capability  to  conduct  a  punishing 
attack  upon  the  other. 

Assume  that  there  are  two  superpowers 
and  a  smaller  third  power  without  defenses.  If 
the  defenses  of  both  superpowers  are  small 
relative  to  each  other's  nuclear  arsenals,  even 
after  a  preemptive  attack  by  one  superpower  the 
other  can  still  deliver  a  punishing  second  strike 
upon  his  attacker.  Therefore  with  these  small  de¬ 
fenses  the  superpower  balance  would  remain. 

The  stability  of  the  nuclear  balance  is  more 
problemmatic,  however,  with  the  existence  of  a 
third,  but  smaller,  nuclear  power.  This  power 
may  be  tempted,  in  a  crisis,  to  launch  its  weap¬ 
ons  rather  than  be  denied  a  second  strike  capa¬ 
bility.  Since  the  two  superpowers  are  large  rela¬ 
tive  to  the  third,  the  third  power  could  not  hope 
to  deliver  a  preemptive  first  strike  with  the  hope 
of  avoiding  a  punishing  attack,  but,  by  striking 
first,  the  third  power  could  be  expected  to  deliver 
some  punishment  to  a  threatening  superpower 
and  might  be  tempted  to  do  so  if  convinced  the 
superpower  was  likely  to  attack  first. 

However,  if  both  superpowers  have  suffi¬ 
cient  defenses  to  deny  the  third  power's  pre¬ 
emptive  attack,  the  third  power  has  no  incen¬ 
tive  to  strike  first.  This  leads  to  the  conclusion 
that  defenses  of  two  large  sides  which  are  large 
relative  to  a  third  side  but  small  relative  to  each 
other  are  stabilizing. 

The  above  argument  seems  to  be  quite 
straightforward,  and  it  can  be  argued  that  the 
complexity  of  the  present  paper  is  not  neces¬ 
sary  to  reach  the  conclusion.  This  is  true,  but 
the  insight  did  not  emerge  prior  to  the  model 
development.  Rather,  it  resulted  from  the  re¬ 
search  and  is  now  quite  clear.  It  is  therefore 
reported  as  a  conclusion  of  the  research. 
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2.  Discussion  of  Model  Scope 

Results  of  three-stage  optimized  wars  with 
three  armed  sides  and  one  unarmed  side  can  be 
quite  sensitive  to  all  of  the  parameters  compris¬ 
ing  the  model  -  value  targets,  offensive  weap¬ 
ons,  percent  of  offensive  weapons  which  are 
vulnerable,  defensive  weapons,  attrition  equa¬ 
tions  for  counterforce  effectiveness  against  of¬ 
fensive  weapons  which  are  vulnerable  and  at¬ 
trition  equations  for  countervalue  effectiveness 
against  value  targets. 

Sensitivity  analyses  can  identify  the  direc¬ 
tions  of  effects  of  changes  in  the  parameters, 
but  it  is  difficult  to  estimate  the  amounts  of  the 
effects.  For  instance,  increasing  the  parameter  for 
counterforce  effectivcne.ss  of  one  side  can  lead  to 
large  changes  in  weapon  allocations  and  in  the 
final  status  of  sur\'iving  value  targets  on  all  sides. 

Another  very  interesting  example  is  the  be¬ 
havior  of  the  entire  model  as  a  function  of  the 
defensive  weapon  le\'els.  Since  the  attacker  must 
exhaust  all  of  the  defenders  of  a  side  before  kill¬ 
ing  any  vulnerable  offensive  weapons  or  value 
targets,  there  is  a  fixed  price  for  attacking  any 
defended  side.  If  there  are  one,  two  or  three  sides 
with  defending  weapons,  the  attacker  must 
choose  which  prices  to  pay  “  how  many  weapons 
to  allocate  -  and  how  to  split  the  allocations  be- 
Uveen  counterforce  and  counter\^alue. 

The  multistage  and  discontinuous  nature  of 
the  decision  process  seems  to  be  virtually  im¬ 
possible  to  sort  out  in  the  absence  of  actual 
computation.  Even  though  the  model  is  as  par¬ 
simonious  as  possible,  its  behavior  as  a  function 
of  the  input  parameters  cannot  be  predicted  in 
advance.  The  qualitative  argument  in  Section 
I.l  above  is  important,  and  gives  insight  into 
the  multipolar  world.  However,  the  model  is 
necessaiy*  for  exploring  the  effects  of  specific 
force  levels  of  the  resources  of  the  three  armed 
sides  and  one  unarmed  side. 


J.  CAVEAT 

The  quantitative  results  given  in  the  tables 
might  be  changed  somewhat  if  a  more  detailed 
grid  of  permissible  allocations  were  considered. 
It  would  be  desirable  to  verify  with  more  de¬ 
tailed  calculations  these  approximate  computa¬ 
tional  results. 
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There  comes  a  time  in 
ever>*  profession  when 
it  is  appropriate  to 
record  the  core  wisdom 
generated  by  and  shared 
among  the  practitioners  and 
theorists  of  their  craft.  After 
40  \  ears  of  military  operations 
research  being  practiced, 
MORS  felt  that  this  time  had 
come  and.  in  1989.  published 
the  first  edition  of  MiUteny 
Model iug.  After  selling  out  of 
the  first  and  second  print  runs, 
MORS  decided  that,  to  stay 
abreast  with  the  computer 
generation  and  of  the  modern 
modeling  tools,  a  completely 
revised  thii'd  edition  was  in 
order! 

This  monograph  is  the  latest 
step  in  MOF^S'  dedication  to 
furthering  the  technical  base 
and  professionalism  of  our 
membership  and  the  MOR 
community  at  lai'ge.  The 
purpose  of  MORS  is  "to 
enhance  the  quality  and 
effectiveness  of  classified  and 


these  publications  we  are 
enhancing  the  knowledge  of 
our  current  members,  and  more 
importantly,  providing  a 
collated  reference  for  the 
young  analysts  yet  to  join  our 
ranks.  It  is  frankly  the  latter 
which  motivated  the  MORS 
volunteers  and  staff  who 
labored  to  produce  this 
monograph.  Professor  Wayne 
Hughes,  father  of  this 
monograph  in  all  its  editions, 
and  his  group  of  authors 
willingly  devoted  a  significant 
quantity  of  their  scarce  time 
and  profound  professional 
knowledge  and  experience  to 
author  and/or  revise  chapters 
to  reflect  the  latest 
technologies,  techniques,  and 
applications.  We  arc  all  quite 
proud  of  the  result,  and  trust 


unclassified  military  operations  that  it  will  be  used  for  many 
rc.search."  A  key  medium  for  years  to  come  by  analysts  as 
accomplishing  that  purpose  is  they  employ  Military  Modeling 
professional  publications  such  for  Decision  Making. 


as  Military  Modeling  for 


Decision  Making.  Through 
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GAIN-SHARING,  SUCCESS¬ 
SHARING  AND  COST-BASED 
PRICING 

''In  principle. . .  a  system  ought  to 
encourage  individuals  to  do  what  is  right 
by  rewarding  them  for  carrying  out. . . 
desirable  policies" 

(Weitzman  [1976]  p.251) 


INTRODUCTION 

The  objective  of  this  paper  is  to  model  a 
new  incentive  structure  for  government  ac¬ 
tivities  that  rewards  cost-savings  and  effi¬ 
ciencies.  The  model  combines  "cost-based 
pricing"  (see  Pavia  [1995])  with  the  popular 
business  practice  of  "gain-sharing"  (see 
Welbourne  &  Mejia  [1995]),  and  a  new  in¬ 
centive  program  we  call  "success-sharing". 

The  first  section  of  the  paper  reviews 
these  three  concepts.  The  next  section  iden¬ 
tifies  incentive  problems  that  result  from 
traditional  public  budgeting  practices  and 
offers  cost-based  "transfer  pricing"  as  an 
alternative.  The  third  section  explores  on¬ 
going  efforts  to  implement  a  transfer  pric¬ 
ing  system  in  the  Department  of  Defense 
(DoD).  The  paper  concludes  by  offering  a 
new  budgeting  approach  that  integrates 
cost-based  transfer  pricing  with  gain-shar¬ 
ing  and  success-sharing. 

Under  "fully-distributed"  cost-based 
pricing,  firms  allocate  all  costs  to  their  var¬ 
ious  outputs  and  then  use  those  costs  to  set 
prices.  (Pavia  [1995]  p.l060)  In  a  study  of 
over  500  Fortune  1000  firms,  83  percent 


*I  would  like  to  thank  Jim  Blandin,  Schroeder  Dodds, 
Paul  Hough,  Jim  Howard,  C.J.  LaCivita,  Philippe 
Michel,  Andy  Rumbaugh,  Neil  Seiden,  Mike  Stroup 
and  two  reviewers  of  this  journal  for  helpful  com¬ 
ments  and  suggestions.  The  views  expressed  are  my 
own.  They  do  not  necessarily  reflect  the  policy  of  the 
U.S.  Navy,  the  Office  of  the  Under  Secretary  of  De¬ 
fense  (Comptroller),  or  the  Department  of  Defense. 
(*)The  Defense  Business  Operating  Fund  (DBOF)  that 
I  refer  to  in  this  paper  has  recently  been  replaced  by 
what  is  called  the  Defense  Working  Capital  Funds. 
The  name  has  been  changed  to  protect  the  innocent. 
For  the  purposes  of  my  paper,  all  of  the  operating 
concepts  of  revolving  funds  are  still  in  effect.  The 
break-up  of  DBOF  into  five  separate  working  capital 
funds  re-emphasizes  the  management  oversight  re¬ 
sponsibility  each  of  the  Services  has  for  their  activities. 
TTie  Office  of  the  Under  Secretary  of  Defense  Comp¬ 
troller  (OUSDC)  still  develops  policy  and  has  over¬ 
sight  responsibilities  for  review  of  the  Services  Work¬ 
ing  Capital  Fund  budgets.  The  day-to-day 
management  of  the  Defense  Working  Capital  Funds 
facilities  remains  firmly  in  the  hands  of  the  Services. 


reported  using  fully-distributed  costs  to  es¬ 
tablish  prices.  (Govindarajan  &  Anthony 
[1983])  Government  mandates  also  require 
many  regulated  firms,  such  as  public  utili¬ 
ties,  to  use  cost-based  pricing,  (see  Vogel- 
sang&  Finsinger  [1979],  Laffont  &  Tirole 
[1986],  and  Sappington  &  Sibley  [1988]) 

Another  important  application  of  cost- 
based  pricing  is  in  the  construction  of 
"transfer  prices."  (e.g.  see  Benke  &  Ed¬ 
wards  [1980]  or  Magee  [1986])  Many  large, 
complex,  vertically-integrated  organiza¬ 
tions  include  separate  activities  that  con¬ 
duct  internal  exchanges  of  goods  and  ser¬ 
vices.  The  challenge  faced  by  these 
organizations  is  to  govern  the  relationships 
among  internal  activities  to  promote  the 
goals  of  the  organization  as  a  whole.  Many 
private  firms  solve  this  problem  through 
the  use  of  internal  transfer  prices. 

Two  important  lessons  come  out  of  the 
transfer  pricing  literature,  (e.g.  see  Kovac  & 
Troy  [1989],  Eccles  [1985],  Bruns  &  Kaplan 
[1987],  and  Rogerson  [1995])  First,  to  pro¬ 
mote  the  goals  of  the  organization,  transfer 
prices  must  correctly  reflect  costs.  Second, 
internal  activities  must  somehow  be  re¬ 
warded  for  using  transfer  price  signals  to 
pursue  organizational  goals.  These  two  les¬ 
sons  hint  at  a  model  that  combines  a  cost- 
based  transfer  pricing  system  with  a  pro¬ 
gram  of  organizational  incentives. 

This  paper  applies  lessons  from  the 
transfer  pricing  literature  to  a  unique  sub¬ 
set  of  government  activities — ^those  that 
"earn"  their  budgets.  Internal  DoD  support 
activities  financed  through  the  Defense 
Business  Operations  Fund  (DBOF)  offer  an 
illustration.  Charging  their  "customers" 
(operating  forces)  regulated  cost-based 
transfer^  prices,  DBOF  activities  ". . .  sell 
goods  or  services  to  customers  with  the 
intent  of  recovering  the  total  cost  of  provid¬ 
ing  those  goods  and  services."  (DBOF 
Handbook  [1995]  p.  2-1) 

Unfortunately,  it  is  well  documented 
that,  by  itself,  ". . .  cost-based  pricing  may 
introduce  economic  inefficiencies  such  as 
the  failure. . .  to  control  costs  of  production 
and  a  lack  of  incentives. . .  to  invest  in  cost- 
reducing  irmovations."  (Pavia  [1995] 
p.l061)^  This  observation  is  troublesome  in 
the  case  of  DBOF.  Designed  to  "foster  a 
business-like  customer /provider  ap¬ 
proach"  the  aim  of  DBOF  was  to  "improve 
the  delivery  of  support  services  to  the  De¬ 
partment's  operating  forces  while  reducing 
the  cost  of  operations."  (DBOF  Hand- 
book[1995]  p.1-1) 

Along  with  DBOF,  four  approaches 
have  been  discussed  to  help  reduce  the  cost 
of  support  in  DoD:  i.)  "outsourcing"  and 
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''privatization''/^  ii.)  competition,  iii.)  deregula¬ 
tion,  and  iv.)  organizational  incentives  (see  the 
SECDEF's  Annual  Report  [1996],  and  Direc¬ 
tions  for  Defense  (DD)  [1995]).  The  first  tw^o 
approaches  are  outward  looking.  They  focus  on 
the  opportunity  for  current  DoD  support  to  be 
provided  by  private  firms.  The  last  two  ap¬ 
proaches  are  inward  looking.  They  focus  on 
improving  conditions  under  which  work  is  cur¬ 
rently  done  within  DoD.‘^ 

This  paper  is  inward  looking.  It  focuses  on 
internal  DoD  budgeting  and  management  is¬ 
sues,  and  the  role  of  organizational  incentives. 
The  dual  objective  of  the  paper  is:  first,  to  offer 
a  framework  to  help  upper-level  management 
evaluate  organizational  incentives  in  cost-based 
pricing  systems;  and  second,  to  persuade  the 
Operations  Research  Community  to  join  in  this 
effort  to  model  critical  budgeting  issues. 

Citing  the  need  to  "reduce  the  cost  of  sup¬ 
port  to  help  fund  higher  priority  needs,"  the 
Congressionally  mandated  Report  of  tJjc  Coni- 
tuiysion  on  Re/rs  and  Missioiis  of  the  Armed  Forees 
(DD  [1993])  recommends  that  the  DoD  "reduce 
the  cost  of.  .  .  support.  .  .  through  increased  out¬ 
sourcing  and  better  management."  (p.ES-3)Thc 
Department  is  encouraged  to  identify  its  "core 
competencies"  or  "inherently  go\Trnmental 
functions"  and  outsource  or  privatize  other  re¬ 
sponsibilities.  (p.ES-6)  The  Report  concludes 
that  remaining  functions  "can  benefit. . .  by 
pursuing  business  practices  used  in  the  pri¬ 
vate  sector"  (DDp.3-1),  and  urges  the  adoption 
of  "[b]etter  organizational  incentives.  . .  " 
(DD[1993]  p,4-16). 

The  Secretary  of  Defense  generally  con¬ 
curs/  emphasizing  that  (together  with  the  Mil- 
itar}'  Departments)  the  DoD  Comptroller  and 
various  Under  Secretaries  have  been  ".  .  .  exam¬ 
ining  new  approaches  to  create  incentives  for 
achieving  greater  savings  and  efficiencies.  .  .  " 
(SECDEF  \VJ  Perry,  DoD  News  Release  No. 
470-93,  8/23/93  p.lO)  This  paper  combines  a 
model  of  cost-based  pricing  with  two  incentive 
programs  designed  to  reward  cost-savings: 
gain-sharing  and  success-sharing. 

The  goal  of  gain-sharing  is  to  encourage 
activities  to  make  an  effort  to  reduce  current 
costs  in  return  for  some  of  the  immediate  gains 
from  the  cost  savings.  In  a  cost-based  pricing 
system,  cost-savings  occur  whenever  an  activ¬ 
ity  succeeds  in  driving  its  actual  total  costs 
below  its  "earned"  budget.  Under  gain-sharing 
a  portion  of  the  cost-savings  is  rebated  to  the 
activity  as  a  reward  (in  the  form  of  employee 


bonuses,  extra  vacation  time,  etc.).  However,  a 
recent  survey  article  by  Welbourne  &  Mejia 
[1993]  expresses  concern  that,  while  numerous 
case  studies  suggest  gain-sharing  can  help 
bring  costs  down  over  time,^  ''[t]he  bulk  of  the 
extensive  gainsharing  literature  is  atheoretical 
and  exploratory  in  nature."  (p.584) 

The  dynamic,  discrete-time  optimization 
model  introduced  in  this  paper  helps  to  address 
this  concern.  Moreover,  this  simple  determinis¬ 
tic  model  leads  to  an  important  discovery. 
Gain-sharing  alone  may  not  be  enough.  The 
dynamics  of  the  model  suggest  that  while  gain- 
sharing  is  necessary  to  encourage  cost-savings, 
it  may  not  be  sufficient.  Under  certain  condi¬ 
tions,  what  we  call  "success-sharing"  is  re¬ 
quired  to  complement  gain-sharing  in  order  for 
an  activity  to  have  a  sufficient  incentive  to  in¬ 
vest  in  cost-reducing  innovations. 

Success-sharing  offers  an  additional  oppor¬ 
tunity  to  reward  activities.  Suppose  a  "perma¬ 
nent"  stream  of  cost-savings  is  obtained  from  a 
cost-reducing  innovation.  Success-sharing 
takes  place  when  the  success  of  the  cost  savings 
generated  over  time  is  shared  with  the  activity 
responsible  for  those  savings.  Ho\vever,  it  is 
more  common  for  the  success  of  cost  savings 
not  to  be  shared  with  the  activity  responsible 
for  the  savings.  Instead,  future  cost  savings  are 
typically  passed  along  to  customers  in  the  form 
of  reduced  prices  in  future  periods. 

For  example,  the  stated  policy  for  setting 
transfer  prices  charged  by  DBOF  providers  is 
that:  "If  costs  arc  reduced,  then  prices  will  be 
reduced  the  following  year  to  pass  along  the 
savings  to  the  customer."  (Business  Manage¬ 
ment  Directorate  [1993])  Thus  "[r]cduced'^ . . 
costs  translate  to  reduced  prices.  . .  "  (Isosaari 
[1996]p.l7)  However,  providers  "have  to  be 
confident  that  prices  will  stay  high  enough  to 
recoup  [investments  in  cost-reducing  innova¬ 
tions].  . .  [since]  if  once  investments  arc  made, 
regulators  slash  prices,  [those  providers]  may 
be  leery  of  investing  again."  ("The  Regulator}^ 
Experiment,"  The  Economist,  Jan.  28,  1995  p.64) 

In  the  case  of  DBOF,  investment  costs  for 
both  capital  assets  and  management  improve¬ 
ments  arc  recovered  through  depreciation  ex¬ 
penses  (or  "capital  surcharges")  factored  into 
future  year  rates.  In  general,  under  gain-shar¬ 
ing,  activities  face  a  difficult  trade-off.  While 
cost-reduction  efforts  increase  current-year 
pay-outs,  resulting  price  cuts  tend  to  squeeze 
potential  gains  from  future  cost  savings.  Unless 
future  revenues  arc  discounted  at  an  unreason- 
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ably  high  rate,  gain-sharing  alone  may  not  be 
sufficient  to  encourage  investments  in  cost-re¬ 
ducing  innovations.  In  this  case  success-sharing 
has  an  important  role  to  play. 

Success-sharing  refers  to  the  degree  to 
which  any  "permanent"  savings  are  shared  be¬ 
tween  customers  and  the  activity  responsible 
for  the  cost  savings.  By  definition,  there  is  no 
success-sharing  if  the  activity  responsible  for 
the  cost  savings  does  not  share  in  the  perma¬ 
nent  stream  of  savings.  In  this  case,  any  long- 
run  benefits  are  enjoyed  entirely  by  customers 
who  pay  new  lower  prices  that  fully  reflect  the 
cost  savings. 

Multiyear  defense  contracts  offer  an  illus¬ 
tration.  These  contracts  are  often  written  in 
such  a  way  that  they  effectively  guarantee  de¬ 
fense  firms  100%  gain-sharing,  but  no  success¬ 
sharing.  According  to  Rogerson  [1994],  the 
"DoD  essentially  makes  the  following  bargain 
with  the  firm.  In  return  for  revealing  its  ability 
to  lower  costs,  DoD  will  let  the  firm  keep  the 
benefits  [the  difference  between  the  negotiated 
price  and  actual  costs]  for  the  duration  of  the 
multiyear  in  which  costs  are  lowered."(p.78) 
These  "benefits"  correspond  to  100%  gain-shar¬ 
ing  over  the  period  of  the  contract.  However, 
"on  subsequent  contracts,  DoD  will  take  the 
benefits  itself."(p.78)  Thus,  "when  a  defense 
firm  discovers  a  way  to  lower  its  production 
costs,  previously  negotiated  prices  are  not 
changed.  Firms  are  able  to  keep  profits  created 
by  such  cost  reductions  until  negotiations  take 
this  new  efficiency  into  account  and  lower 
prices  on  future  contracts." (p. 72)  Any  profits 
earned  through  cost  reductions  can  be  thought 
of  as  pay-outs  from  a  100%  gain-sharing  pro¬ 
gram.  However,  since  future  contracts  translate 
the  firm's  cost  reductions  directly  into  lower 
prices,  there  is  no  success-sharing. 

Success-sharing  only  takes  place  if,  in  sub¬ 
sequent  periods,  the  regulated  (or  "negotiat¬ 
ed")  price  is  "stabilized"  or  only  partially  ratch¬ 
eted  down.  In  this  case,  while  customers  (e.g. 
the  DoD)  might  still  enjoy  the  benefit  of  new 
lower  prices,  those  prices  do  not  fully  reflect  the 
cost-savings  achieved.  Thus,  success-sharing 
offers  an  extra  incentive  to  suppliers  to  lower 
costs,  since  they  are  allowed  to  capture  part  of 
the  future  stream  of  benefits  from  their  cost- 
reducing  investments.^ 

The  next  section  briefly  introduces  manage¬ 
ment  implications  of  traditional  public  budget¬ 
ing  practices,  and  offers  cost-based  transfer 
pricing  as  an  alternative.  Although  internal 


DoD  support  activities  are  used  as  an  illustra¬ 
tion,  the  results  of  the  paper  are  not  unique  to 
Defense.  The  model  applies  to  any  regulated 
activity  subject  to  unit-cost-based  (transfer) 
pricing.  The  third  section  explores  ongoing  ef¬ 
forts  to  implement  transfer  pricing  in  DoD.  The 
fourth  and  fifth  sections  model  a  new  budget¬ 
ing  approach  that  combines  cost-based  transfer 
pricing  with  gain-sharing  and  success-sharing. 
The  model's  notation,  assumptions,  and  sta¬ 
tionary  equilibrium  are  presented  and  dis¬ 
cussed.  An  interpretation  of  the  results,  some 
policy  guidance,  and  directions  for  future  re¬ 
search  appear  in  the  concluding  section. 


TRADITIONAL  BUDGETING  VS 
COST-BASED  TRANSFER  PRICING 

In  traditional  public  budgeting  systems, 
government  activities  submit  budget  requests 
each  fiscal  year  to  cover  the  costs  of  their  oper¬ 
ations.  For  example,  internal  DoD  "providers" 
(support  activities)  that  operate  under  direct 
appropriations  first  submit  a  budget  to  Con¬ 
gress,  and  then  receive  appropriated  funds  to 
generate  support  for  their  "customers"  (operat¬ 
ing  forces). 

Unfortunately,  the  traditional  budgeting 
approach  has  several  drawbacks.  First,  from  the 
point  of  view  of  providers,  an  old  adage  con¬ 
cerning  the  appropriate  size  of  budgets  is  re¬ 
vealing:  "some  is  good,  more  is  better,  and. . . 
too  much  is  just  right."  In  principle,  budget 
requests  are  formulated  by  providers  to  cover 
the  expected  costs  of  satisfying  their  customer's 
requirements.  In  practice,  there  is  little  incen¬ 
tive  for  support  activities  to  request  smaller 
budgets — even  in  periods  of  "down-sizing." 
Thus,  according  to  Niskanen  [1971],  Fox  [1988], 
Rogerson  [1994],  and  others,  under  traditional 
budgeting  there  is  a  built-in  bias  to  "maximize 
budgets"  rather  than  to  seek  cost-savings. 
A  parallel  issue  is  that  customers  (operating 
forces) — and  not  providers — are  usually  in  a 
better  position  to  determine  the  level  of  support 
they  require.  Thus,  under  traditional  budgeting 
a  real  concern  in  DoD  is  that  "[m]erely  reduc¬ 
ing  our  military — in  and  of  itself — will  not  ad¬ 
dress  the  problem  of  controlling  support  costs 
which,  if  left  unchecked  will  steal  scarce  re¬ 
sources  from  the  operating  forces."  (Maroni 
[1993]p.2) 

Another  drawback  to  traditional  budgeting 
is  that,  while  operating  forces  are  in  the  best 
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position  to  determine  their  own  support  re¬ 
quirements,  they  remain  largely  insulated  from 
cost  concerns.  In  contrast,  support  activities 
that  receive  direct  appropriations  are  forced  to 
tackle  cost  issues  every  time  they  submit  a  bud¬ 
get.  Thus  providers  tend  to  be  more  aware  of 
the  cost  implications  of  different  levels  (and 
composition)  of  support  than  are  the  customers 
that  receive  that  support.  In  fact,  under  this 
system,  customers  sometimes  view  support  as 
'Tree.'' 

Unless  budgets  are  unlimited,  resource 
management  decisions  at  all  levels,  including 
the  operations  level,  need  to  take  resource  costs 
into  account  in  order  to  maximize  effectiveness 
(i.e.  readiness,  deterrence,  or  combat  capabili¬ 
ty).  However,  under  traditional  budgeting  . . 
operating  forces  [have]  neither  the  responsibil¬ 
ity  nor  the  flexibility  to  make  trade-off  deci¬ 
sions  in  determining  the  optimal  amount  of 
support  required  to  sustain  readiness." 
(Maroni[1993]p.3) 

Finally,  traditional  budgeting  tends  to  pun¬ 
ish  cost  savings,  manufacture  inefficiencies, 
and  often  contributes  to  an  explosion  of  rules 
and  regulations.  A  noted  authority  on  public 
budgeting  observes  that  "if  departments  save 
money,  they  run  the  risk  the  government  will 
recapture  the  savings,.  .  .  [and  thus]  efficient 
departments  may  be  penalized  while  inefficient 
ones  are  rewarded."  (Schick  [1988]  p.531) 
Worse  vet,  cost  savings  achieved  one  year  make 
it  harder  to  secure  requested  budgets  in  subse¬ 
quent  years:  "A  bureaucrat  who  failed  to  spend 
[or  obligate]  his  entire  budget  would  be  in  dan¬ 
ger  of  having  his  budget  cut  the  next  year." 
(Stiglitz  [1986]p.l73)  Thus  traditional  budget¬ 
ing  tends  to  manufacture  inefficiencies  by  lead¬ 
ing  to  familiar  "use-it-or-lose-it"  year-end 
spending  sprees.^ 

The  typical  bureaucratic  response  to  com¬ 
bat  year-end  spending  sprees  is  to  impose  a 
detailed  set  of  guidelines  that  constrains  activ¬ 
ities'  spending,  and  the  timing  of  that  spending, 
through  the  fiscal  year.  This  leads  to  new,  con¬ 
straining  regulations,  and  to  costly  monitoring 
and  auditing  of  activities.^  One  particularly  in¬ 
sidious  consequence  is  that  government  man¬ 
agers  increasingly  view  their  role  as  insuring 
strict  compliance  with  regulations  and  "pro¬ 
tecting"  programs,  not  in  cutting  costs  or  in¬ 
creasing  efficiencies.  Thus  adding  layers  of  reg¬ 
ulations  further  handcuffs  management 
without  addressing  the  underlying  perverse  in¬ 
centives  to  avoid  cost-savings. Acknowledg¬ 


ing  these  problems,  the  principal  deputy 
Comptroller  of  DoD,  Alice  Maroni  [1993],  em¬ 
phasizes  that  managers;  ". . .  need  to  move 
from  a  mindset  focused  on  how  fast  can  appro¬ 
priated  funds  be  obligated  and  spent,  to  how 
much  can  the  cost  of  certain  goods  and  services 
be  reduced."  (p.2) 

On  the  basis  of  these  observations,  a  good 
alternative  to  traditional  budgeting  would:  a) 
satisfy  customer  demands,  b)  increase  cost  vis¬ 
ibility,  c)  reduce  the  burden  of  excessive  rules 
and  regulations,  and  d)  reward  cost-savings 
and  efficiencies.  In  DoD,  this  would  have  the 
dual  impact  of  lowering  support  costs  while 
improving  the  timeliness  and  quality  of  sup¬ 
port  provided  to  operating  forces. 

A  cost-based  transfer  pricing  system  offers 
one  alternative  to  traditional  budgeting.  A  per¬ 
manent  concern  of  top  management  of  large 
firms  and  organizations  is  to  insure  that  users 
of  internally  supplied  intermediate  (or  "sup¬ 
port")  products  make  efficient  use  of  those 
products  in  producing  final  outputs.  Another 
concern  is  to  insure  that  internal  providers  sup¬ 
ply  those  products  as  efficiently  as  possible.  A 
standard  solution  adopted  by  conimercial  firms 
is  to  use  internal  transfer  prices.  (Magee  [1986]) 

In  a  transfer  pricing  system,  "customers"  of 
internally  supplied  intermediate  products  pur¬ 
chase  those  products  from  internal  "providers." 
The  cost-based  transfer  prices  charged  for  these 
intermediate  products  are  designed  to  encour¬ 
age  customers  to  make  efficient  decisions  by 
making  them  aware  of  the  cost  of  producing 
those  products.  Mcan^vhile,  combining  cost- 
based  transfer  pricing  with  organizational  in¬ 
centives  (gain-sharing  and  success-sharing), 
and/or  with  the  threat  of  competition  (from 
internal  sources,  or  from  outsourcing),  can  help 
drive  internal  providers  to  make  more  efficient 
production  and  investment  decisions.'^ 

The  general  consensus  is  that  for  transfer 
prices  to  provide  the  most  efficient  resource 
allocation  signals,  they  should  be  based  on 
marginal  costs — the  additional  costs  of  produc¬ 
ing  the  last  unit  of  an  intermediate  product, 
(e.g.  see  Rogerson  [1995])  In  practice,  however, 
transfer  pricing  systems  arc  often  based  on  unit 
costs — calculated  by  dividing  the  total  costs  of 
producing  an  intermediate  product  over  some 
period,  by  the  number  of  units  produced  that 
period. 

Three  accounting  characteristics  help  ex¬ 
plain  the  popularity  of  unit-cost-based  transfer 
pricing  systems:  First,  traditional  accounting 
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systems  were  not  designed  to  collect  marginal 
cost  data,  and  in  any  case,  unit  cost  calculations 
are  less  data-intensive.  Second,  unlike  econo¬ 
mist's  who  assume  a  "U-shaped"  (or  quadratic) 
average  total  cost  curve  (where  unit  costs  are 
high  at  low  output  levels,  fall  to  a  minimum  as 
output  expands,  and  then  increase  again  as  out¬ 
put  expands  further),  an  (often  implicit)  ac¬ 
counting  convention  is  to  assume  that  unit 
costs  are  independent  of  output.  If  unit  costs 
are  constant  over  a  wide  range  of  production, 
then  this  implies  marginal  costs  equal  unit  costs 
over  that  range.  Finally,  in  the  case  of  multi¬ 
product  firms,  overhead  (G&A)  costs  are  diffi¬ 
cult  to  assign  to  specific  units  of  a  single  prod¬ 
uct.  Instead,  overhead  is  typically  spread  over 
the  various  products  according  to  some  rule, 
and  then  averaged  into  the  price /cost  charged 
for  specific  units  of  a  product,  (e.g.  see  Roger- 
son  [1995]) 

A  first  simplifying  assumption  of  the 
model  is  that  transfer  prices  are  set  on  the  basis 
of  unit  costs.  A  second  simplifying  assumption 
is  that  all  relevant  costs  can  be  directly  assigned 
to  individual  outputs.^^  The  next  section  re¬ 
views  the  transfer  pricing  system  currently  im¬ 
plemented  in  DoD,  and  develops  some  addi¬ 
tional  assumptions  for  the  new  budgeting 
model  that  follows. 


UNIT-COST-BASED  TRANSFER 
PRICING 

The  most  widespread  use  of  cost-based 
transfer  pricing  in  a  government  setting  is 
found  in  DoD's  Defense  Business  Operations 
Fund  (DBOF).  The  DBOF  was  established  in 
October  1991  by  the  Secretary  of  Defense.^^  It 
consists  of  all  supply  and  logistics  organiza¬ 
tions  ("providers")  within  DoD  that  sell  their 
outputs  to  other  organizations  ("customers") 
within  DoD.  Over  $70  billion  per  year  of  sup¬ 
port  (almost  one  third  of  the  defense  budget)  is 
funded  under  DBOF,  and  over  300,000  civilian 
and  military  personnel  are  employed  in  DBOF 
activities.  This  section  focuses  on  some  key  con¬ 
cepts  used  in  budgeting  support  activities  un¬ 
der  DBOF  and  contrasts  current  DBOF  policies 
with  new  policy  proposals  offered  in  the 
model. 

In  order  to  be  included  in  the  DBOF  finan¬ 
cial  structure  as  a  "business  area,"  support 
functions  must  meet  four  criteria:  i.)  outputs 
can  be  identified;  ii.)  an  approved  accounting 


system  is  available;  iii.)  customers  can  be  iden¬ 
tified;  and  iv.)  benefit/ costs  of  establishing  a 
buyer-seller  relationship  can  be  evaluated. 
(DBOF  Handbook  [1995])  Business  areas  in¬ 
clude  logistics  activities  that  distribute,  main¬ 
tain  and  replace  materiel  to  give  combat  units 
the  equipment  and  support  services  they  need, 
when  they  need  them.  Examples  of  DBOF  busi¬ 
ness  areas  include:  supply  management,  in¬ 
cluding  the  purchase,  maintenance,  storage,  re¬ 
pair,  and  transportation  of  supplies  and 
equipment;  financial  and  accounting  services; 
publications  services;  commissaries;  informa¬ 
tion  services;  and  some  research  and  develop¬ 
ment.^^ 

The  purpose  of  DBOF  was  to  "more  closely 
relate  the  support  infrastructure  with  the  force 
structure"  and  to  "improve  the  delivery  of  sup¬ 
port  services. . .  while  reducing  the  cost." 
(DBOF  Handbook  [1995]p.l-l)  Four  specific  ob¬ 
jectives  are  cited  in  the  DBOF  Handbook:  (1)  to 
"identify  the  full  cost  of  support;"  (2)  to  "mea¬ 
sure  performance  on  the  basis  of  cost /output 
(i.e.  unit  cost)  goals;"  (3)  to  "reduce  DoD  sup¬ 
port  costs  through  better  business  practices;" 
and  (4)  to  "foster  efficiency  and  productivity 
improvements."  (p.1-3)  Each  objective  is  briefly 
discussed  below. 

(1)  “Identify  the  full  cost  of  support”:  The 
ultimate  goal  is  to  reveal  all  labor,  materials 
and  capital  costs  that  contribute  to  each  output 
of  a  given  support  activity  at  as  disaggregated 
a  level  as  possible.  This  increased  cost  visibility 
is  designed  to  facilitate  the  cost  accounting  re¬ 
quired  to  derive  cost-based  transfer  prices 
"charged"  to  customers  of  DBOF  activities. 

The  full  cost  of  support  includes  civilian 
labor,  military  labor,  material,  and  other  direct 
costs,  depreciation  expenses,  property  mainte¬ 
nance,  and  "acceleration  of  labor"  (i.e.  the  cost 
of  fringe  benefits).  In  a  multi-product  organiza¬ 
tion,  the  development  of  activity-based  costing 
(ABC)  can  help  to  identify  the  full  cost  of  sup- 
port.^^  (Brimson  [1991])  For  ease  of  exposition, 
the  model  focuses  on  support  functions  that 
produce  at  least  one  measurable  output  to 
which  all  relevant  costs  can  be  assigned. 

(2)  “Measure  performance  on  the  basis  of  cost/ 
output  (i.e.  unit  cost)  goals”:  Dividing  a  support 
activity's  total  costs  in  one  period  by  the  output 
produced  that  period  yields  an  average  total 
cost  measure.  Analogous  to  the  accountant's 
constant  unit  cost  assumption,  under  limited 
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(or  asymmetric)  information,  this  average  total 
cost  measure  can  be  used  as  an  estimate  of  the 
unit  cost  of  support  in  a  subsequent  period. 

'"Organizations  financed  through  DBOF 
sell  goods  or  services  to  'customers'  with  the 
intent  of  recovering  the  total  cost  of  providing 
those  goods  and  services."  (DBOF  Handbook 
[1993]p.2'l)  This  can  be  accomplished  in  two 
ways:  First,  through  direct  budget  authority 
based  on  unit  cost  targets,  or  second,  by  allow¬ 
ing  the  activity  to  "earn"  its  budget  through 
sales  to  customers  at  (transfer)  prices  which 
cover  its  costs. 

In  the  first  case,  budget  authority  is  pro¬ 
vided  equal  to  a  support  activity's  total  yearly 
output  multiplied  by  its  unit  cost  target.  In  this 
case  the  unit  cost  target  set  by  OSD  as  the 
regulator  of  an  activity  could  be  thought  of  as 
the  price  paid  bv  OSD  as  the  final  customer  of 
that  activity's  product.  This  is  particularly  use¬ 
ful  in  the  case  where  support  activities  offer 
significant  "positive  externalities."  For  exam¬ 
ple,  when  benefits  are  not  completely  captured 
by  individual  customers  and  "spill-over"  to  the 
DoD  as  a  whole  (e.g.  like  joint  US-International 
defense  management  education),  such  activities 
can  be  "centrally  funded"  (using  u nit-cos t- 
based  price  targets)  by  a  single  "customer" 
(such  as  OSD)  who  acts  as  a  representative  for 
the  larger  interests  of  DoD  as  a  whole. 

The  second  case  reflects  current  DoD  policy 
as  represented  by  DBOF.  In  this  case,  rather 
than  support  activities  receiving  unit-cost- 
based  budget  appropriations,  customers  (i.e. 
operational  commands)  request  budgets  to  ac¬ 
commodate  their  support  purchases.  In  turn, 
support  activities  are  authorized  to  sell  their 
outputs  to  customers  at  regulated  cost-based 
transfer  prices  designed  to  cover  their  total 
costs.  Unit  cost  goals  can  then  be  used  as  a 
measure  of  efficiency  by  comparing  "actual 
unit  cost  experience  against  planned  corporate 
expectations."  (DBOF  Handbook  [1995]  p.3-16) 
(3)  "Reduce  DoD  support  costs  through  better 
business  prectices":  Within  business  areas, 
support  organizations  (providers)  operate  like 
commercial  businesses,  selling  goods  and  ser¬ 
vices  to  customers.  Customers  establish  their 
requirements  and  are  charged  for  the  cost  of  the 
products  or  services  provided. Thus  DBOF 
providers  "earn"  their  budgets  based  on  the 


quantity  of  goods  and  services  they  sell.  Under 
DBOF,  customers — typically  combat  or  operat¬ 
ing  units — fund  their  requests  with  appropria¬ 
tions  from  Congress  (i.e.  with  Procurement, 
Operations  &  Maintenance  (O&M),  and/or  Re¬ 
search,  Development,  Test  &  Evaluation 
(RDT&E)  money).  The  expectation  is  that 
"when  these  costs  arc.  . .  visible  to  the  operat¬ 
ing  forces  they  will.  .  .  make  better  resource 
allocation  decisions  in  determining  the  levels  of 
support  they  require  for  day-to-day  opera¬ 
tions."  (Maroni  [1993]p.3)  Thus  DBOF  creates  a 
"business"  (or  "customer-provider")  relation¬ 
ship  between  military  operating  forces  and 
support  organizations.  More  importantly,  it 
helps  to  link  mission  operations  with  the  cost  to 
support  those  operations. 

Military  Departments  and  Defense  Agen¬ 
cies  that  have  business  areas  financed  under 
DBOF  arc  responsible  for  the  day-to-day  man- 
agennent  and  operation  of  their  respective  busi¬ 
ness  areas.  However,  when  it  comes  to  setting 
transfer  prices,  "[t]here  are  few  restrictions  by 
actual  statute  on  DBOF  activities  in  the  estab¬ 
lishment  of  rates."  (Isosaari  [1996]p.l9) 

The  Military  Departments  establish  prices 
with  oversight  provided  by  the  Office  of  the 
Under  Secretary  of  Defense  (Comptroller) 
(OUSD(C)).^‘'^  Since  OUSD(C)  has  oversight  re¬ 
sponsibility  for  generating  unit-cost-based 
transfer  prices,  it  effectively  acts  as  the  price 
regulator  for  support  activities.  Another  as¬ 
sumption  of  the  model  is  that  the  Comptroller 
(OUSD(C))  regulates  transfer  prices  with  the 
objective  of  encouraging  cost  reductions  over 
time. 

(4)  "Foster  efficiency  and  productivity  improve¬ 
ments":  A  primary  difference  between  DBOF 
business  areas  and  private  firms  is  that,  by 
Congressional  statute,  DBOF  activities  must 
operate  on  a  cumulative,  non-profit  (or  "break¬ 
even")  basis.  Thus,  activities  financed  under 
DBOF  sell  their  goods  and  services  to  custom¬ 
ers  with  the  sole  intent  of  recovering  the  total 
cost  of  providing  those  goods  and  services: 
"DBOF  businesses  strive  to  break  even  in  prices 
charged  to  customers."  (DBOF  Handbook 
[1993]) 

However,  as  a  DBOF  business  area  sells 
goods  or  services,  it  earns  revenues.  The  differ¬ 
ence  between  revenues  from  sales  and  the  ac- 
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tual  costs  incurred  at  any  point  in  time  is  called 
the  "Net  Operating  Result"  (NOR).  In  general, 
during  budget  execution,  a  business  area's 
NOR  will  either  be  positive  (indicating  profits) 
or  negative  (indicating  losses).  The  "Accumu¬ 
lated  Operating  Result"  (AOR)  is  the  ultimate 
profit  or  loss  realized  from  the  operations  of  the 
business  activity.  Ideally,  DBOF  prices  are  set 
to  achieve  an  AOR  in  the  budget  year  of  zero 
(see  DBOF  Handbook  [1995]. 

According  to  the  DBOF  Handbook  [1995]: 
"[R]ates  must  be  adjusted  by  the  activity's  man¬ 
ager  to  offset  prior  year  gains  or  losses,  thereby 
achieving  zero  net  profit  and  loss."  (p.20)  Thus 
activities  are  penalized  with  tougher  targets 
(i.e.  lower  prices)  for  cost  reductions  that  lead 
to  a  positive  NOR.  The  struggle  to  break-even 
can  lead  to  inefficient  behavior.  In  a  recent 
study,  Pavia  [1995]  emphasizes  that  unit-cost- 
based  transfer  pricing  alone  may  not  be  suffi¬ 
cient  to  induce  providers  to  lower  costs. 
(p.l061)  In  the  absence  of  further  cost  controls 
(e.g.  from  detailed  regulations,  organizational 
incentives,  or  the  threat  of  competition),  DBOF 
activities'  lack  of  a  profit  motive  could  "lead  to 
large  losses,  taking  years  to  recoup,  and  may 
lead  to  unusually  high  rates  that  may  cause  the 
alienation  of  valued  customers."  (Friend 
[1995]p.4)  Since  losses  lead  to  price  increases  in 
subsequent  years,  as  rates  climb,  further  reduc¬ 
tions  in  customer  demand  could  force  provid¬ 
ers  to  spread  fixed  costs  over  fewer  units,  thus 
driving  prices  up  even  higher,  eventually  lead¬ 
ing  to  what  Friend  [1995]  has  called  the  "death 
spiral."  (p,5)  One  ". . .  complaint  about  DBOF 
has  been  the  rapid  boosting  of. . .  rates."  (Friend 
[1995]p.ll)  However,  the  DBOF  Handbook 
[1995]  emphasizes  that:  "the  primary  responsi¬ 
bility  of  DBOF  activities  is  to  provide  services 
and  products  to  its  customers  at  the  lowest 
cost."  (p.21)^^ 

This  paper  offers  a  new  framework  that 
helps  address  these  issues.  The  model  com¬ 
bines  unit-cost-based  transfer  pricing  with  two 
organizational  incentive  programs  designed  to 
foster  efficiency  and  productivity  improve¬ 
ments:  "gain-sharing"  and  "success-sharing". 

Under  "gain-sharing,"  a  portion  of  any  sur¬ 
plus  (or  "profits")  due  to  cost-reductions  is  re¬ 
bated  to  the  activity  in  the  form  of  employee 
bonuses,  extra  vacation  time,  etc.  Under  "suc¬ 


cess-sharing,"  rather  than  cutting  future  trans¬ 
fer  prices  to  eliminate  "accumulated  profits," 
prices  are  ratcheted  down  to  reflect  a  part,  but 
not  all  of  the  cost  reductions  achieved.  Thus, 
while  success-sharing  allows  customers  to  ben¬ 
efit  from  cost  reductions,  it  also  rewards  sup¬ 
port  activities  with  part  of  the  future  stream  of 
benefits  from  their  cost-reducing  innovations. 
A  useful,  if  imperfect  analogy  (and  a  possible 
way  to  distribute  benefits  derived  from  gain- 
sharing  and  success-sharing)  is  offered  by  cur¬ 
rent  compensation  practices  familiar  to  some 
public  sector  wage  earners.  Gain-sharing 
would  be  similar  to  a  (one-time)  lump-sum  bo¬ 
nus  or  a  "merit  increase,"  while  success-sharing 
would  be  comparable  to  a  performance-based 
promotion  to  a  higher  wage  category  or  a  "step 
increase"  (a  permanent  increase  in  wage). 

The  next  section  introduces  a  model  which 
illustrates  analytically  the  incentives  created  by 
gain-sharing  and  the  more  potent  incentives 
offered  through  success-sharing.  The  results  of 
the  model  indicate  that  when  support  activities 
can  invest  in  one  period  to  lower  their  unit 
costs  in  a  subsequent  period,  gain-sharing  is  a 
necessary,  but  not  sufficient  condition  to  create 
the  incentives  for  them  to  do  so.  Success-shar¬ 
ing  may  be  required  to  augment  gain-sharing 
in  order  to  encourage  cost  reductions  over  time. 

THE  MODEL 

Assuming  that  "the  primary  responsibility 
of  DBOF  activities  is  to  provide  services  and 
products  to  its  customers  at  the  lowest  cost" 
(DBOF  Handbook  [1995]p.21),  this  section 
models  a  new  budgeting  approach  for  the  De¬ 
partment  of  Defense.  The  objective  of  the  model 
is  to  develop  an  incentive  structure  for  internal 
support  activities  that  rewards  cost-savings 
and  efficiencies.  The  model  combines  cost- 
based  transfer  pricing  with  the  popular  busi¬ 
ness  practice  of  gain-sharing,  and  a  new  incen¬ 
tive  program  we  call  "success-sharing."  Gain- 
sharing  and  success-sharing  programs 
encourage  support  activities  to  lower  costs  by 
offering  the  opportunity  to  reward  employees 
for  cost-reducing  innovations. 

The  DoD  Comptroller  (OUSD(C))  currently 
has  oversight  responsibility  for  cost-based 
transfer  prices  set  under  DBOF.  The  Comptrol¬ 
ler  "finalizes  and  approves  the  stabilized  rates 
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that  business  activities  may  charge  customers 
in  a  Program  Budget  Decision  (PBD)/'  (Friend 
[1993]p.7)  As  a  consequence,  the  Comptroller  is 
modeled  as  a  regulator  (or  "planner"),  who  sets 
maximum  allowable  transfer  prices  charged  by 
sole  providers  of  "core"  support  outputs. 

The  Comptroller's  underlying  objective  in 
the  model  is  to  motivate  activities  to  uncover 
and  exploit  cost-reducing  innovations.  The 
Comptroller  offers  gain-sharing  and  success¬ 
sharing  programs,  and  regulates  unit-cost- 
based  transfer  prices,  to  reward  unit-cost  re¬ 
ductions  over  time.  Meanwhile,  support 
activities  seek  investment  strategies  in  unit- 
cost-reducing  innovations  that  maximize  the 
discounted  present  value  of  their  rewards  from 
gain-sharing  and  succe.ss-sharing  programs, 
while  simultaneously  satisfying  customer  de¬ 
mands.  The  analysis  begins  with  a  discussion  of 
the  "principal's"  (i.e.  Comptroller's)  problem, 
and  then  focuses  on  decisions  taken  by  the 
"agents"  (i.e.  support  activities).  The  model  re¬ 
veals  conditions  under  which  agents  are  likely 
to  carry  out  the  principal's  objectives. 

The  model  assumes  each  business  area  con¬ 
sists  of  a  single  support  activity  that  produces 
one  primar\'  output,  Q,  to  which  all  relevant 
costs  can  be  assigned  (where  Q  refers  to  the 
quantitv  of  output  or  "workload"  i.e.  the  num¬ 
ber  of  units  produced  and  sold  per  period).  If 
the  total  cost  function  is  given  by  TC(Q),  then 
TC(Q)/Q  =  C(Q)  are  average  total  (or  "unit") 
costs,  while  marginal  costs  are  given  by  TC'(Q) 
-  MC(Q). 

Each  activitv  is  assumed  to  operate  some¬ 
where  on  the  economist's  standard  "U-shaped" 
(quadratic)  unit  cost  function,  C(Q).^^  The  unit 
cost  function  has  a  unique  minimum  at  Q% 
where:  C'(Q*)  =  0.  Moreover,  since  C"(Q)  >  0, 
for  all  Q:  at  output  levels  Q  <  Q^  unit  costs 
decrease  in  Q  (i.e.  C'(Q)  <  0);  while  at  output 
levels  Q  >  Q*,  unit  costs  increase  in  Q  (i.e. 
C'(Q)  >  0).  Finally,  since  C'(Q)  =  (1  / 

Q)[MC(Q)-C(Q)]:  costs  are  below  unit 

costs  when  Q  <  Q*;  above  unit  costs  when  Q  > 
Q*;  and  the  same  as  unit  costs  when  Q  = 

The  model  focuses  on  three  possibilities.  An 
activity  can  operate:  i)  on  the  decreasing  por¬ 
tion  of  its  unit  cost  function  (where  Q  < 

MC(Q)  <  C(Q));  ii)  at  the  minimum  point  (where 
Q  =  Q*  and  MC(Q)  ^  C(Q));  or  iii)  on  the  increas¬ 
ing  portion  of  its  unit  cost  function  (where  Q  > 
Q*  and  MC(Q)  >  C(Q)). 

The  model  assumes  that  cost  saving  mea¬ 
sures  (i.e.  unit-cost  reducing  investments)  un¬ 


dertaken  by  an  activity  in  the  previous  period, 
t-1,  result  in  some  quantifiable,  permanent  re¬ 
duction  in  the  entire  unit-cost  functioji  in  the 
current  period,  t,  as  well  as  in  all  subsequent 
periods.  In  this  model,  changes  in  output  (or 
sales),  Q,  result  in  movements  along  the  unit- 
cost  function,  C(Q),  while  (past)  investments  in 
unit-cost  reductions,  say  j,  lower  the  entire 
unit-cost  function  i.e.  cost-reducing  invest¬ 
ments  translate  into  the  same  unit-cost  savings 
for  any  output  level,  Q.  Thus,  the  cumulative 
stock  of  unit-cost  savings  achieved  by  t,  say 
acts  like  a  shift  parameter  on  the  initial  unit- 
cost  function,  C(Q),  lowering  the  entire  function 
by  the  amount  but  preserving  the  minimum 
point  at  (also  see  Sweeney  [1981]) 

Suppose  the  Comptroller  allows  activity 
managers  to  invest,  /,,  each  period  in  whatever 
alterations  to  the  production  process  they 
choose  in  order  to  generate  bonuses  through 
gain-sharing  and  success-sharing.^^  Unit-cost 
savings  are  assumed  to  occur  only  after  some 
initial"  investment,  >  0,  takes  place  (i.e.  the 
initial  stock  of  unit-cost  savings  is  zero,  =  0). 
In  order  to  launch  cost  saving  efforts,  the 
Comptroller  could  offer  seed  money,  at  time 
t  -  0,  and  allow  the  activity  to  invest  what  it 
chooses,  /^,  in  each  subsequent  period. 

According  to  the  DBOF  Handbook  [1995], 
it  is  the  responsibility  of  the  management  of 
each  DBOF  business  area  to  "Identify  and  jus¬ 
tify.  .  .  those  improvements  which  will  produce 
future  gains  in  effectiveness  and  efficien¬ 
cy."  (p. 2-9)  These  improvements  (or  "cost-re¬ 
ducing  innovations")  could  be  as  simple  as  mi¬ 
nor  workplace  modifications  that  boost  morale, 
or  as  complex  as  labor-saving  (management 
education,  worker  training,  etc.)  and/or  capi¬ 
tal-saving  (adopting  new  software  or  internet 
applications  or  EOQ  inventory  policies,  etc.) 
technical  changes  in  the  existing  production 
process. 

It  is  also  stated  that  capital  investments  to 
finance  these  changes  must  "increase  the  utility 
of  existing  assets  for  more  than  one  accounting 
period,  or.  .  .  substantially  increase  operating 
efficienev  over  more  than  one  accounting  peri¬ 
od."  (DBOF  Handbook  [1995]p.3-ll)  The  model 
assumes  that  investments  undertaken  by  the 
activity  in  the  past  period,  /,  j,  result  in  some 
permanent,  quantifiable  operating  efficiency, 
/(/,  i),  captured  as  a  (lagged)  increase  in  the 
stock  of  cost  savings,  -  K,  ^  that  lowers  the 
entire  unit-cost  function  for  all  subsequent  pe¬ 
riods.  (also  see  Sweeney  [1981])  Thus  the 
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change  in  the  stock  of  unit-cost  savings  from 
any  period  t-1  to  t  is  given  by: 

K,  -  =/a,-i);  where /'(/)  >0.  (1) 

Equation  (1)  represents  the  evolution  of 
unit-cost  savings  as  a  function  of  cost-saving 
investment  in  the  previous  period.  The  model 
assumes  that  past  investment,  translates 
into  cost  reductions,  f(/f--i),  that  add  to  the  (per¬ 
manent,  cumulative)  stock  of  unit-cost  savings 
achieved  over  time  i.e. 

Moreover,  with  Kq  —  0,  writing,  =  Sjlo  /(f/)/ 
reveals  that  is  simply  the  cumulative  stock  of 
all  unit-cost  savings  achieved  up  to  time  t-1. 

Recent  DBOF  procedures  established  for 
capital  budgeting  (DBOF  Handbook  [1995]) 
suggest  the  Comptroller  may  have  some  histor¬ 
ical  basis  for  understanding  the  process  de¬ 
scribed  by  (1).  Note  that  K^.  consists  of  a  histor¬ 
ical  stream  of  unit  cost  savings  (i.e.  Kf.  —  /(Jq) 
+  . . .  +  /(/^_i))  made  up  of  individual  unit-cost 
"success  stories,"  f{lj\  that  are  (in  principle) 
observable. 

The  cumulative  impact  of  cost  reductions 
on  the  initial  unit  cost  function,  C(Q),  is  similar 
to  that  which  might  result  from  (and,  in  fact, 
could  originate  from)  combining  a  "learning 
curve"  with  the  original  unit  cost  function.  The 
cumulative  stock  of  unit-cost  savings,  Xf,  acts 
like  a  shift  parameter  on  the  initial  unit-cost 
function,  C(Q).  For  example,  the  unit  cost  in 
period  t-1,  for  any  output  level  Q,  is  given  by 
C(Q)  —  Xj_i.  However,  the  investment, 
lowers  unit  costs  in  the  next  period,  t,  by  f(If_i), 
to  C(Q)  -  X,_i  -  f(/,_,)  =  C(Q)  -  X,.  In  the 
model,  cost-reducing  investments  lower  the  en¬ 
tire  unit-cost  function,  but  preserve  the  mini¬ 
mum  point,  A  useful  avenue  for  future 
research  is  to  examine  the  implications  of  cost- 
reducing  investments  that  shift  the  minimum 
point,  Q*  (i.e.  that  lower  the  cost  function  and 
simultaneously:  increase  the  point  of  minimum 
efficient  scale  (or  "full  capacity") — a  shift  to  the 
right;  or  reduce  the  point  of  minimum  efficient 
scale  (or  "full  capacity") — a  shift  to  the  left). 

It  is  reasonable  to  assume  that  the  Comp¬ 
troller  does  not  know  the  precise  shape  of  an 
activity's  unit  cost  function.  For  example,  the 
Deputy  Comptroller  of  DoD,  Alice  Maroni 
[1993],  reveals  that  "In  developing  the  FY1993 
defense  budget,  DBOF  rates  were  estab¬ 
lished.  . .  (and  customer  accounts  were 
sized). . .  based  on  the  best  judgement  that 
could  be  made  at  that  time. , .  [However]  [w]e 


have  much  to  learn  about  the  workload,  cost, 
and  revenue  trends  being  experienced. . ,  "(p.4) 

Under  such  limited  (or  "asymmetric")  in¬ 
formation  it  is  common  for  "[pjlanners. . .  [to] 
use  recent  performance  as  a. . .  basis  for  setting 
future  indicators."  (Weitzman  [1976]p.253) 
Thus,  an  important  simplifying  assumption  is 
that  future  transfer  prices  are  developed  from 
prior  year  unit  cost  experience.  Given  this  sce¬ 
nario,  and  following  Vogelsang  &  Finsinger 
[1979]  and  Sappington  &  Sibley  [1988],  support 
activities'  cost  and  output  data  in  the  model  are 
assumed  to  be  revealed  to  the  Comptroller 
(price  regulator)  with  a  one-period  lag.  As  a 
consequence,  the  Comptroller  (price  regulator) 
sets  a  stabilized  transfer  price  for  each  period, 
Pf,  partly  based  on  last  period's  unit  costs, 
C(Q,_i)  -  K,_,. 

Under  current  DBOF  policy,  "[r]ates  re¬ 
main  in  effect  for  a  fiscal  year  to  be  used  to  bill 
the  customer  for  work  or  service."  (Isosaari 
[1996]p.20)  Thus,  the  Comptroller  sets  a  stabi¬ 
lized  price,  P^,  for  a  support  activity's  output 
for  a  given  fiscal  year,  t,  and  then  holds  that 
price  constant  during  the  year  of  execution. 
This  "stabilized  rate"  policy  was  originally  de¬ 
signed  "to  protect  appropriated  fund  custom¬ 
ers  (operating  forces)  from  unforseen  cost 
changes  and  thereby  enable  customers  to  more 
accurately  plan  and  budget  for  DBOF  support 
requirements."(DBOF  Handbook  [1995]p.3-8) 
However,  the  fact  that  transfer  prices  remain 
unchanged  over  the  fiscal  year  delivers  another 
advantage.  This  so-called  "regulatory  lag" 
opens  the  door  for  a  gain-sharing  initiative  to 
reward  cost  savings.  According  to  Rogerson 
[1994]:  when  the  ". . .  regulatory  adjustment  of 
prices  in  response  to  cost  reductions. . .  lag[s] 
behind  the  actual  achievement  of  cost  reduc¬ 
tions  [this]  creates  an  incentive  for  cost-effi¬ 
ciency,"  (p.65) 

Since  unit  cost  information  in  the  model  is 
revealed  to  the  regulator  with  a  one-period  lag, 
the  potential  exists  for  a  support  activity  to 
generate  a  surplus  (or  "profit")  by  driving  its 
actual  unit  costs  below  the  stabilized  transfer 
price,  P^,  during  the  period  of  regulatory  lag. 
According  to  Laffont  &  Tirole  [1993],  Rogerson 
[1994]  and  others,  in  situations  where  the  agent 
(the  support  activity)  has  better  information 
than  the  principal  (the  regulator)  about  costs,  it 
will  generally  be  optimal  for  the  principal  to 
offer  the  agent  a  contract  (e.g.  gain-sharing) 
that  leaves  the  agent  with  some  economic  profit 
(or  "surplus"),  in  order  to  give  the  agent  an 
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incentive  to  reduce  costs.  Thus,  combining 
gain -sharing  with  a  ''stabilized''  unit-cost- 
ba'^ed  pricing  policy  can  encourage  the  con¬ 
structive  exploitation  of  regulatory  lags. 

According  to  Rogerson  [1994]:  "[a]  general 
theme  of  the  principal-agent  literature  is  that  in 
situations  with  asvmmetric  information,  incen- 
ti\'e  schemes  which  cause  tlie  agent  to  reduce 
costs  often  necessarily  also  leave  the  agent  with 
economic  profit.  . .  This  suggests.  .  .  [the]  cre¬ 
ation  of  efficiency  incentives.  [For  example], 
using  incentive  schemes  such  as  regulatory  lag 
that  leave  profit  to  the  agent  may  be  a  particu- 
larlv  desirable  poliev  for  DoD  to  consider."p.76 
(also  see  Demsetz  [1968],  Laffont  &  Tirole 
[1993],  and  Riordan  [1993]). 

Thus,  combining  cost-based  transfer  pric¬ 
ing  and  gain-sharing  incentives  with  regulatory 
lags  offers  one  approach  to  help  overcome  the 
principal-agent  problem.  This  "incentive 
scheme"  rewards  extra  revenues  to  support  ac¬ 
tivities  who  are  successful  in  achieving  cost 
savings,  i.e.  in  cutting  actual  unit  costs  below 
the  previous  period's  unit  costs — or  below  the 
regulated  price,  P,.  For  the  remainder  of  the 
paper,  the  term  "surplus"  (as  opposed  to  "prof¬ 
its")  will  be  used  to  describe  these  extra  reve¬ 
nues.  The  objective  is  to  distinguish  earnings 
derived  from  cost-reducing  innovations  (i.e. 
"surplus"),  from  presumabh^  less  desirable 
earnings  (i.e.  "profits")  that  might  be  extracted 
from  an  internal  organization's  monopoly  (or 
market)  power,  or  from  some  other  scheme. 

Gain-sharing  initiatives  allow  an  activity  to 
retain  a  fraction  (g6[0,l])  of  any  surplus,  say  S^, 
earned  through  unit-cost  reductions  in  a  given 
year,  t.  The  activity's  gain-sharing  bonus  (gS^) 
is  the  fraction  of  any  surplus  the  support  activ- 
itv  is  entitled  to  retain,  and  to  distribute  inter¬ 
nal!  v,  to  reward  cost  savings.  The  remainder, 
(1  -  g)S.„  are  actual  savings  (to  DoD)  for  the 
Fiscal  ear. 

The  smaller  the  Comptroller  sets  the  gain- 
sharing  parameter,  g,  the  greater  the  share  of 
savings  (surplus)  that  accrues  to  DoD,  but  the 
less  incentive  the  support  activity  has  to  reduce 
cost‘d  and  generate  those  savings.  Conversely, 
the  larger  the  Comptroller  sets  the  gain-sharing 
parameter,  g,  the  lower  the  share  of  savings 
that  accrue  to  DoD,  but  the  greater  the  incentive 
the  support  activitv  has  to  reduce  costs. 

Consider  two  extremes.  With  TOO  percent 
gain-sharing  (g  =  1),  the  support  activity  re¬ 
tains  all  its  cost  savings  (for  employee  bonuses, 
etc.),  and  there  is  no  immediate  gain  to  DoD. 


Alternatively,  with  no  gain-sharing  (g  =  0),  it 
will  be  demonstrated  that  there  is  still  no  gain 
to  DoD  in  the  model,  since  there  is  no  incentive 
for  cost  savings  to  occur  over  time.  In  the  latter 
case  (although  monitoring  "performance"  is 
not  formally  modeled),  if  the  Comptroller  sets 
g  =  0  and  then  attempts  to  "impose"  lower  unit 
cost  targets  (or  cut  transfer  prices  unilaterally), 
the  Comptroller  is  likely  to  incur  more  burden¬ 
some  monitoring  costs  to  insure  forced  savings 
are  not  achieved  at  the  expense  of  quality,  or 
through  "cost-shifting"  or  through  some  other 
"creative  scheme." 

Brief  experiments  in  DoD  with  so-called 
"productivity  gain-sharing"  returned  up  to  50 
percent  (i.e.  g  =  0,3)  of  cost  savings  to  the 
activity  responsible.^'  (see  Alderman  [1993], 
Orvis,  et.al.  [1992],  and  Shycoff  [1992])  How¬ 
ever,  according  to  the  then  acting  Comptroller: 
"[t]hc  remainder  of  the  savings  will  remain  in 
the  DBOF  or  operating  budget  and  will  be  re¬ 
flected  in  the  next  fiscal  year's  unit  cost  goals 
and  price  reduction  to  the  customers."  (Don 
Shycoff  [1992]p.3)  Thus,  under  productivity 
gain-sharing,  beating  the  unit-cost-based  price 
target  earned  support  activities  a  share  of  cur¬ 
rent  year  cost  savings,  but  made  the  target 
harder  to  beat  in  subsequent  years. 

In  contrast,  "success-sharing"  shares  the 
success  of  any  permanent  cost  savings  between 
customers  and  the  activity  responsible  for  those 
savings.  Under  success-sharing,  while  custom¬ 
ers  might  still  enjoy  the  benefit  of  new  lower 
prices,  the  regulator  does  not  lower  prices  to 
the  full  extent  of  the  cost-savings  achieved.  This 
leaves  support  activities  with  future  unit-cost 
(price)  targets  that  are  easier  to  beat  than  they 
might  otherwise  have  been.  As  a  consequence 
success-sharing  tends  to  encourage  further  cost 
savings.  Success-sharing  initiatives  (represent¬ 
ed  by  the  parameter,  s€[0,l])  are  designed  to 
share  the  permanent  (cumulative)  unit-cost 
savings,  between  customers  and  the  activity 
responsible  for  those  savings. 

The  Comptroller  is  assumed  to  set  (or  reg¬ 
ulate)  transfer  prices  each  period,  P^,  based  on 
past  (observed)  unit-costs,  C(Q,  i)  - 
modified  to  account  for  (expected)  unit-cost 
savings,  f(/,  |),  generated  from  the  most  recent 
(observed)  investment,  Jj  i,  with  an  allowance 
for  succes.s-sharing.  Thus  the  stabilized  price  an 
activity  can  charge  for  each  unit  of  output  over 
the  period  t,  is  given  by, 

P^  =  C(Q,  ,)-(!  -5)K,;  (2) 
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where:  P,  consists  of  the  original  unit  cost  func¬ 
tion,  C(Qf_i),  adjusted  for  the  (cumulative) 
downward  shift  in  unit-cost  savings,  K^.  =  4- 

whatever  allowance  is  made  for  suc¬ 
cess-sharing,  sKf. 

The  smaller  the  Comptroller  sets  the  suc¬ 
cess-sharing  parameter,  s,  the  lower  the  price  to 
customers,  but  the  less  incentive  the  support 
activity  has  to  reduce  costs.  Conversely,  the 
larger  the  Comptroller  sets  the  success-sharing 
parameter,  s,  the  higher  the  price  to  customers, 
but  the  greater  the  incentive  the  support  activ¬ 
ity  has  to  reduce  costs  in  subsequent  periods. 

Consider  two  extremes.  With  100  percent 
success-sharing  (s  =  1),  regulated  transfer 
prices  are  permanently  "stabilized"  and  never 
reflect  any  investment  in  cost  savings.  In  this 
case,  the  Comptroller  shares  all  subsequent 
(permanent)  unit-cost  savings  with  the  support 
activity  responsible,  leaving  customers  without 
the  benefit  of  lower  prices.  Alternatively,  in  the 
usual  case  of  no  success-sharing  (s  =  0),  after  a 
one-period  lag,  regulated  transfer  prices  always 
fully  reflect  any  unit-cost  savings  achieved. 
However,  while  a  small  s  grants  immediate 
benefits  (price  relief)  to  customers,  the  support 
activity  does  not  have  as  large  an  incentive  to 
invest  in  cost-reducing  innovations,  and  thus 
long-term  savings  may  be  disappointing  (i.e.  to 
customers,  DoD,  Congress,  or  taxpayers). 

The  Comptroller's  underlying  objective  in 
the  model  is  to  develop  an  incentive  structure 
that  motivates  activities  to  invest  in  cost-reduc¬ 
ing  innovations  that  lead  to  permanent  cost- 
savings.  The  Comptroller  offers  gain-sharing 
(g),  success-sharing  (s),  and  regulates  unit-cost- 
based  transfer  prices,  P^,  to  encourage  unit-cost 
reductions  over  time.  In  turn,  support  activities 
seek  an  investment  strategy  to  reduce  their  unit 
costs  over  time,  such  as  to  maximize  their  re¬ 
turns  (or  share  of  the  "surplus")  from  gain- 
sharing  and  success-sharing  programs.  The  re¬ 
mainder  of  this  section  will  focus  on  a  support 
activity's  response  to  the  combined  incentives 
of  the  unit-cost-based  transfer  pricing  rule 
(equation  (2)),  gain-sharing  (g),  and  success¬ 
sharing  (s). 

The  last  condition  imposed  on  the  support 
activity  in  the  model  is  a  requirement  to  satisfy 
demand  at  the  regulated  price.  Most  regulated 
public  utilities  face  a  similar  mandate.  A  sup¬ 


port  activity  must  produce  the  quantity  of  out¬ 
put  demanded  by  its  customers  at  the  unit-cost- 
based  regulated  transfer  price  set  by  the 
Comptroller.  Assuming  that  a  customer's  de¬ 
mand  for  the  support  activity's  output  is  sensi¬ 
tive  to  price,  the  relationship  between  the  price 
charged  and  the  quantity  demanded  from  the 
activity  becomes  an  important  component  of 
the  analysis. 

The  means  by  which  customers  justify  and 
obtain  resources  from  DBOF  activities  is 
through  DoD's  Planning,  Programming,  and 
Budgeting  System  (PPBS).  Once  transfer  prices 
are  established,  then  customers  determine  how 
much  support  they  will  purchase  at  those 
prices.  Resources  required  by  customers  to  pur¬ 
chase  business  area  products  are  subsequently 
identified  in  budget  request  document.  "[C]us- 
tomers  determine  the  amount  of  goods  and 
services  they  expect  to  purchase. . .  and  prepare 
their  budget  documents  based  on  the  projected 
rates  and  prices  for  those  goods  and  services." 
(DBOF  Handbook  [1995])p.3-6) 

Here  we  are  concerned  with  activities 
whose  ("natural"  or  internal)  monopoly  posi¬ 
tion  would,  in  the  absence  of  regulatory  over¬ 
sight  (or  unit-cost-based  transfer  pricing),  allow 
these  activities  to  independently  determine  the 
(monopoly)  price  they  could  charge  customers 
for  their  product.  The  study  of  industrial  orga¬ 
nization  suggests  that  as  the  product  price  in¬ 
creases,  less  is  demanded  by  customers  of  firms 
with  market  power.  For  example,  in  the  case  of 
repairs  "[a]s. . .  prices  climb,  operating  unit 
commanders  [i.e.  customers]  who  have  limited 
funds  available  may  economize  and  reduce  the 
number  of  units  submitted  for  repair."  (Friend 
[1996]p.5) 

Thus,  while  a  support  activity  must  satisfy 
demand  at  the  regulated  price,  the  quantity 
demanded  of  a  support  activity's  output  is  gen¬ 
erally  sensitive  to  that  price.  The  demand  func¬ 
tion  that  captures  this  relationship  can  be  writ¬ 
ten  in  two  different  ways:  either  as, 

Q,  =  f  (P,);  or  as,  P,  =  -  D(Q,);  (3) 

where:  D'(Q^)  <  0.  In  the  model,  it  is  convenient 
to  follow  the  economist's  convention  and  use 
the  latter,  "inverse  demand  function,"  to  repre¬ 
sent  customer  demand.  In  the  case  where  de- 
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mand  is  set  exogenously  by  policy-makers,  and 
is  thus  insensitive  to  price,  the  demand  equa¬ 
tion  in  (3)  is  said  to  be  perfectly  "inelastic/' 

Faced  with  the  Comptroller's  binding  reg¬ 
ulator)'  pricing  constraint  (equation  (2)),  and  a 
quadratic  unit  cost  function,  say  AC{Q)  = 
C(Q)-K,  a  support  activity  seeks  investments  in 
cost-reducing  innovations  (governed  by  (1)), 
that  satisfy  customer  demands  (according  to 
(3))  and  maximize  returns  from  gain-sharing 
(g)  and  success-sharing  (s).  Rewards  from  gain- 
sharing  in  any  period,  t,  arc  given  by  gS,;  where 
Sf  is  the  surplus  earned  during  the  period  of 
regulator}'  lag. 

The  activity's  surplus  in  the  model  is  the 
difference  between  its  total  revenues  (price 
times  quantity  sold)  and  its  total  costs  (which 
include  production  and  investment  related  ex¬ 
penses).  Alternatively,  the  total  surplus,  S^,  con¬ 
sists  of  the  "profit"  generated  on  each  unit  sold, 
multiplied  by  actual  sales,  minus  the  total  or¬ 
ganizational  costs  of  current  investment.  The 
amount  of  profit  generated  on  each  unit  sold  is 
the  difference  between  the  stabilized  unit-cost- 
based  transfer  price,  P^,  that  the  activity  is  al¬ 
lowed  to  charge  its  customers  over  the  period 
of  regulator)'  lag,  and  the  actual  (or  realized) 
unit  cost  of  producing  each  unit,  C(Q^)  —  K^. 
However,  multiplying  the  per-unit-profit,  - 
(C(Q,)  -  /(,],  by  actual  sales,  Q^,  yields  only  part 
of  the  total  surplus,  S^.  Investments  in  cost- 
reducing  innovations  and  organizational  costs 
associated  with  those  investments  need  to  be 
subtracted  out.^*^  These  costs  are  captured  by 
the  investment  cost  function,  h{If\  where:  h'(.) 
>  0,  and  h"(-)  >  0. 

The  support  activity  can  make  a  surplus  or 
deficit  or  break  even  over  the  period  of  regula¬ 
tor)'  lag,  depending  on  whether  or  not  it  covers 
all  of  its  costs  when  it  charges  the  regulated 
unit-cost-based  transfer  price,  P,.  These  costs 
include  production  costs  as  well  as  investment 
costs.  Thus,  the  surplus  function  in  any  period 
t  can  be  written  as: 

S.  =  P,Q,  -  [C(Q,)  -  KJQ,  -  //(/,);  (4) 

The  first  term  on  the  RHS  of  (4)  represents 
earned  revenues,  or  the  allowed  price  times  the 
actual  quantity  sold.  The  second  term  on  the 
RHS  of  (4)  represents  actual  total  production 
costs,  or  the  actual  unit  costs  incurred  (in  brack¬ 


ets)  times  the  quantity  sold.  The  last  term,  //(/^), 
is  an  investment  cost  function  that  reflects  di¬ 
minishing  returns  to  cost-reducing  invest¬ 
ments.  It  is  designed  to  capture  the  organiza¬ 
tional  (or  "total  system")  cost  of  adopting  new 
technologies  (e.g.  actual  investment  costs,  to¬ 
gether  with  any  training  costs,  morale  prob¬ 
lems,  etc.)  to  reduce  its  future  unit  production 
costs. 

In  the  model,  the  Comptroller  regulates 
transfer  prices  according  to  equation  (2),  and 
offers  gain-sharing  (g)  and  success-sharing  (s) 
incentive  programs  that  reward  cost-reductions 
over  time.  An  activity's  rewards  from  gain- 
sharing  is  given  by  gS,;  where  ge[0,l]  reflects 
the  share  of  the  surplus,  S,  (given  by  equation 
(4)),  that  the  Comptroller  decides  to  reward 
during  the  period  of  regulator)^  lag.  Mean¬ 
while,  an  activity's  rewards  from  success-shar¬ 
ing  depend  on  the  new  price,  P,  (given  by  equa¬ 
tion  (2)),  set  at  the  end  of  each  period  (or  fiscal 
year),  where  se[0,l]  reflects  the  share  of  the 
unit-cost  savings  the  Comptroller  decides  to 
allow  the  activity  to  keep  in  future  periods.^'' 
The  next  section  models  a  support  activity's 
response  to  this  incentive  structure. 


THE  SOLUTION 

The  support  activity's  objective  is  to  choose 
an  investment  strategy  to  generate  cost-reduc¬ 
tions  over  time,  that  maximizes  the  discounted 
present  value  of  its  gain-sharing  and  success¬ 
sharing  returns  from  its  future  stream  of  sur¬ 
pluses,  while  simultaneously  satisfying  cus¬ 
tomer  demands.  More  formally,  the  activity's 
problem  is  to  maximize, 

■X. 

w=  (5) 

0 

where:  the  surplus  at  any  time,  t,  is  given  by, 

s,  =  P,Q,  -  [C(Q,)  -  K,]Q,  -  h(l,y,  (4) 

the  (inverse)  demand  the  activity  must  satisfy 
is, 

Pt  =  D(Q,);  (3) 

the  regulated  transfer  price  charged  by  the  ac¬ 
tivity  and  set  by  the  Comptroller  is, 

P,  =  C(Q,_i)“(l“s)K,;  (2) 
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the  change  in  the  stock  of  unit  cost  savings  from 
past  investment  decisions  is, 

K,  -  = /a_i);  (1) 

gaimsharing  and  success-sharing  parameters 
set  by  the  Comptroller  are,  respectively,  ge[0,l] 
and  S€[0,1];  and  the  rate  at  which  a  support 
activity  discounts  the  future  is  given  by,  r€[0,l]. 

While  this  problem  is  too  complex  to  obtain 
a  complete  analytical  solution,  useful  insights 
can  be  derived  from  studying  the  (long-run) 
stationary  equilibrium.  To  solve  for  the  station¬ 
ary  equilibrium,  it  is  useful  to  focus  on  the 
output  consequences  of  an  activity's  invest¬ 
ment  decisions. 

The  connection  between  an  activity's  in¬ 
vestment  choices  and  the  resulting  output  con¬ 
sequences  is  intuitive  and  fairly  immediate. 
From  equation  (1),  investment  decisions  trans¬ 
late  into  cost-reductions  that  are  eventually 
captured,  in  equation  (2),  as  regulated  prices.  In 
turn,  the  price  charged  by  an  activity  impacts 
customers'  demands  for  the  output  through 
equation  (3).  As  a  consequence,  any  investment 
strategy  essentially  has  an  output  counterpart. 
While,  in  principle,  either  output  or  investment 
can  be  used  for  purposes  of  obtaining  station¬ 
ary  equilibrium  results,  in  practice,  solving  the 
model  in  terms  of  output  requires  considerably 
less  assumptions.  In  any  case,  the  stationary 
equilibrium  is  achieved  at  some  stationary 
equilibrium  output  level,  say  when  no  fur¬ 
ther  cost-reducing  investment  is  initiated. 

Given  the  properties  of  the  objective  func¬ 
tion  together  with  the  constraints,  the  first  or¬ 
der  condition  requires  that,  at  the  optimum,  for 
any  two  periods  t  and  t+1,  the  increased  profit 
from  a  small  increase  in  output  one  period 
should  be  just  offset  by  the  discounted  loss  of 
profit  in  the  subsequent  period,  or 

dSJdQ,  +  (1/(1  +  r))(dS,+i/dQ,)  =  0  “ 

(6) 

In  order  to  investigate  the  implications  of 
the  first  order  condition  given  by  (6),  the  sup¬ 
port  activity's  surplus  function,  S(,  given  by  (4), 
must  be  written  exclusively  as  a  function  of 
output,  i.e.  Qf_i,  Qt,  andQt+^.  (see  equations 
(4a&b)  in  Appendix  1)  This  requires  two  fur¬ 
ther  simplifying  assumptions.  First,  changes  in 
the  stock  of  cost  savings  are  assumed  to  be  a 
fraction  (ae[0,l])  of  past  investment,  I,_i,  or 

K,-K,.i=/(h_i)  =  (1') 


Second,  the  investment  cost  function  in  the  sur¬ 
plus  equation,  (4),  is  given  a  functional  form 
that  reflects  diminishing  returns  to  cost-saving 
investments,  or 

h(It)  =  (1/  2)blf;  where  b  >  0, 

andh',h">0.  (4') 

Together,  these  two  assumptions  yield  an 
expression  for  (6)  exclusively  in  terms  of  output 
(see  Appendix  1), 

B(Q,-u  Qu  Qm,  Qni)  =  0.  (7) 

Meanwhile,  substituting  (3)  into  (2),  and  using 
(1'),  investment  can  also  be  written  exclusively 
in  terms  of  output  (see  Appendix  1), 

h  =  (l/fl)(l/(l  -  s)){[C(Q,)  -  C(Q,_,)] 

-  [D(Q,,i)  -  D(Q,)]}.  (8) 

The  stationary  equilibrium  output  level  is 
given  by  Qg  =  Q,_i  =  Qt  =  Qt+i  =  Qt+2-  h  is 
immediately  clear  from  (8)  that,  once  the  sta¬ 
tionary  equilibrium  output  level,  Qg,  is  attained 
no  further  cost-reducing  investment  will  occur. 
At  that  point,  the  marginal  (organizational) 
costs  of  any  (further)  investment  outweighs  the 
marginal  benefits  from  gain-sharing  and  suc¬ 
cess-sharing. 

At  the  stationary  equilibrium,  condition  (7) 
can  be  written  more  explicitly  as, 

B(Q£)  =  [g/(l  -  s)(l  +  r)]{s(l  +  r)[MC(QE) 

-  MR(Qh)]  -  rC'  (Q£)Qe}  =  0,  (9) 

where;  MC(Qe)  =  [C(Q£)]-hC'(Q£)Qe]  are  mar¬ 
ginal  production  costs  O^ased  on  the  original 
cost  function,  C(Q)),  and  MR(Qe)  = 
[D(Qe)+D'(Qe)Qe]  is  the  marginal  revenue 
from  sales,  Qe- 

From  (9),  as  long  as  an  activity  is  offered 
some  amount  of  gain-sharing  and  success-shar¬ 
ing  (i.e.  with  ge(0,l)  and  se(0,l)),  if  future  re¬ 
turns  are  treated  the  same  as  immediate  returns 
(i.e.  with  a  discount  rate,  r  =  0),  the  model 
solution  is  analogous  to  the  usual  static  optimi¬ 
zation  result  for  any  profit-maximizing  firm 
with  market  power.  Notably,  the  optimal  sta¬ 
tionary  equilibrium  output  level,  Qe'  is  attained 
where  marginal  cost  equals  marginal  revenue 
(i.e.  where  C(Qe)  >  MC(Qe)  =  MR(Qe)).  The 
difference  from  the  static  result  is  that,  with 
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initial  output,  Q^<  Q*,  and  with  D'(Q)  < 
C'(Q)  <  0,  from  (2a&b)  in  Appendix  1,  at  the 
stationar)'  equilibrium,  the  cumulative  stock  of 
unit-cost-savings  is  K  >  0.  Thus,  with  r  =  0,  an 
activity's  cost-reducing  investments  eventually 
drive  its  actual  unit-costs  down  to  AC(Q,)  = 
C{Qf  )-K;  u'hcrc  Qj  satisfies  MC(Q, )  =  MR(Q; ). 

However,  under  the  reasonable  behavioral 
assumption  that  managers  of  support  activities 
pay  closer  attention  to  near-term  results,  a  pos¬ 
itive  time  rate  of  discount  (r  >  0)  is  more  ap¬ 
propriate.  The  remaining  analysis  focuses  on 
this  scenario. 

Given  a  positive  discount  rate,  it  is  useful  to 
consider  two  reference  points  to  help  analyze 
the  stationary  equilibrium.  The  first  reference 
point  reflects  the  possibility  the  stationary  equi¬ 
librium  is  at  the  initial  point  (Q^,  where  the 
regulator  first  sets  a  price  at  which  demand 
intersects  the  average  cost  function,  or  where: 

-  C(Q^)  =  D(Q^^).  The  initial  price,  is 
assumed  to  be  set  at  a  level  such  that  it  just 
covers  the  activity's  initial  cost  per  unit,  C(Q^), 
of  satisfying  the  resulting  demand  (Q^),  or  P^  = 
C(Q^)  =  D(Q^).  A  second  useful  reference  point 
is  the  minimum  of  the  unit  cost  function,  Q* 
(i.e.  where  C'(Q’')  =  0).  From  (9),  the  first  ref¬ 
erence  point  yields, 

=  [g/(l  -  s)(l  +  r)]{sfl  +  r)[MC(Q") 

-  MRfQ^)]  -  rC'(Q^)Q^  {9n) 

while  the  second  reference  point  yields, 

B(Q*)  =  [gs/(l  -  s)]{C(Q")  -  MR(Q*)}.  (9/0 

Note  from  (9a&:b),  that  gain-sharing  is  nec¬ 
essary  for  activities  to  invest  in  cost-reducing 
innovations.  With  g  =  0,  the  result  is  always  the 
same,  i.e.  B(Q^)  ==  0  (and  B{Q*)  =  0).  As  a 
consequence,  without  gain-sharing,  the  station¬ 
ary’  equilibrium  is  simply  the  initial  output 
level  (i.e.  Q/  =  Q%  and  the  corresponding 
stationary’  equilibrium  price  is  simply  the  initial 
regulated  price,  P^  =  C(Q^)  =  D(Q^).  Moreover, 
from  (2a&b)  in  Appendix  1,  K  =  [1/(1'S)][ 
C(Q^)-D(Q^)]  —  0,  or  in  other  words,  the  stock 
of  cost  savings  at  the  stationary  equilibrium  is 
zero.  The  implication  is  that,  without  gain-shar¬ 
ing,  it  docs  not  pay  to  invest  in  cost-reductions. 
Thus,  gain-sharing  is  required  for  cost-reducing 
investment  to  occur  in  the  model.  As  a  conse¬ 


quence,  the  analysis  that  follows  assumes  some 
degree  of  gain-sharing,  i.e.  g  >  0. 

From  (9a&b)  it  is  possible  to  narrow  the 
analysis  of  stationary  equilibria  down  to  three 
cases.  Each  case  is  defined  according  to  where 
an  activity  first  operates  on  its  initial  unit  cost 
function,  C(Q),  An  activity  can  operate:  (1)  on 
the  decreasing  section  of  its  unit  cost  function 
(where  Q  <  Q*  and  C'(Q)  <  0);  (2)  at  the 
minimum  point  (where  Q  =  and  C'(Q)  =  0); 
or  (3)  on  the  increasing  section  of  its  unit  cost 
function  (where  Q  >  Q*  and  C'(Q)  >  0). 

It  is  an  empirical  question  where  an  activity 
finds  itself  on  its  initial  unit  cost  function.  If  an 
activity's  unit  costs  decrease  with  output  (or 
"scale"),  then  it  enjoys  so-called  "economies  of 
scale"  (see  Case  (1)).  In  contrast,  if  an  activity's 
unit  costs  increase  with  output  (or  "scale"), 
then  it  suffers  from  "diseconomies  of  scale"  (see 
Case  (3)).  Strikingly  different  results  are  ob¬ 
tained  from  gain-sharing  in  these  two  cases.  A 
summary  of  the  model  results  (when  g  >  0  and 
r  >  0)  is  presented  below,  and  in  an  accompa¬ 
nying  series  of  graphs.  Details  of  the  calcula¬ 
tions  can  be  found  in  Appendix  2. 


Case  (1):  (See  Figure  1) 

If  an  activity  initially  operates  at  some 
point,  <  Q*,  on  the  declining  section  of  its 
unit  cost  function  (where  C'(Q)  <  0),  gain-shar¬ 
ing  alone  can  motivate  the  activity  to  drive  its 
costs  down  over  time.  The  activity  benefits  by 
investing  in  cost-reductions,  taking  advantage 
of  the  regulatory  lag  in  price  adjustments. 

Thus,  in  the  absence  of  success-sharing  (i.e. 
with  s  =  0),  gain-sharing  alone  can  motivate 
activities  to  invest  in  cost  reductions.  The  cu¬ 
mulative  stock  of  cost-savings  at  the  stationaiy^ 
equilibrium  is,  >  0.  These  investments 
eventually  drive  the  activity  to  operate  at  the 
minimum  point,  Qj  =  Q*  >  Q^,  of  a  lowered 
unit-cost  curve,  AC(Q)  =  C(Q)-K.  At  the  sta¬ 
tionary  equilibrium,  (3^  the  price  is  given  by, 
P.  0  =  0{Q*)  -  AC{Qn  =  MAC(Q");  where: 
MAC(Q)  -  AC'(Q)Q-FAC(Q)  =  MC(Q)-K,  is 
the  marginal  cost  function  associated  with  the 
lowered  unit-cost  function,  AC(Q). 

In  this  case  of  decreasing  unit  costs  (or 
"economics  of  scale"),  combining  the  unit- 
cost-based  pricing  rule  with  gain-sharing 
alone,  not  only  motivates  activities  to  in¬ 
crease  efficiencies  and  drive  costs  down  over 
time,  but  also  encourages  production  to  con- 
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Output/Period) 

Figure  1. 


verge  to  the  economist's  "full  capacity"  (or 
"minimum  efficient  scale"),  where  unit  cost 
equals  marginal  cost.  Thus,  an  additional  ad¬ 
vantage  of  combining  the  regulator's  pricing 
rule  (equation  (2))  with  gain-sharing  (g  >  0) 
is  that  unit-cost-based  prices  tend  to  automat¬ 
ically  converge  to  preferred  marginal-cost- 
based  prices. 

Nevertheless,  any  degree  of  success-shar¬ 
ing  can  promote  even  further  cost-savings,  i.e. 
at  the  new  stationary  equilibrium  with  s  =  0, 
Qe>Q*>  Q°>  and  K^>0>  ^s=o  >  0-  ^  is  useful 
to  examine  the  impact  of  adding  a  success¬ 
sharing  program  from  both  sides  of  the  organi¬ 
zation — from  the  perspective  of  (internal)  "cus¬ 
tomers,"  and  from  the  perspective  of  (internal) 
"support  activities." 

From  the  point  of  view  of  customers,  al¬ 
though  unit  costs  are  lower  than  they  would 
be  under  gain-sharing  alone,  the  price  they 
pay  is  greater  than  actual  unit  costs,  i.e.  Pg  >  o 
=  D(Qe)  ^  ^C(Q£).  However,  from  the  ac¬ 
tivity's  viewpoint,  this  price-cost  difference 
can  be  thought  of  as  the  necessary  (discount¬ 
ed  stream  of)  rewards  that  motivates  the 
search  for  further  cost-savings.  Regardless, 
customers  still  benefit  from  this  new  budget¬ 
ing  approach.  They  have  more  product  avail¬ 
able  at  the  stationary  equilibrium  (i.e.  > 

Q*),  and  are  charged  a  lower  price  (i.e. 


AC(Qe)  <  P,>o  <  Ps=o  =  ACCQ’^)),  than 
under  gain-sharing  alone. 


Case  (2):  (See  Figure  2) 

If  an  activity  operates  at  the  minimum 
point,  i.e.  where  C'(Q)  =  0,  gain- 

sharing  alone  will  not  have  an  impact.  At  the 
stationary  equilibrium,  Qe  =  =  Q%  and 

—  C(Q^)  =  D(Q^),  so  that  ihe  stock  of  cost- 
savings  is,  K  —  0.  In  this  case  success-sharing  is 
required  to  motivate  an  activity  to  invest  in 
cost-reductions. 

Combining  gain-sharing  with  success-shar¬ 
ing  can  promote  cost-savings.  Similar  to  Case 
(1),  from  the  customer's  viewpoint,  although 
unit  costs  are  lower  at  the  new  stationary  equi¬ 
librium  (Qe  >  Qo  =  Q’*^)  than  under  gain-shar¬ 
ing  alone,  the  customer  pays  more  than  actual 
unit  costs,  i.e.  =  D(Qe)  >  AC(Qe).  How¬ 
ever,  from  the  support  activity's  viewpoint,  this 
price-cost  difference  can  be  thought  of  as  the 
necessary  (discounted  stream  of)  rewards  that 
motivates  the  search  for  cost-savings.  Regard¬ 
less,  customers  still  benefit  from  the  new  bud¬ 
geting  approach.  At  the  stationary  equilibrium, 
customers  have  more  product  available,  Qe  > 
Q%  and  pay  less  for  it  (i.e.  AC(Qe)  <  Ps>o  < 
Ps=o  =  QQ’^)), 
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Q*  qe  Workload 


(Quantity  of 
Output/Period) 

Figure  2. 

Case  (3):  (See  Fioure  3)  out  the  activ- 

ity's  incentive  to  invest  in  cost-savings,  (see 
Finally,  if  an  activity  initially  operates  at  Figure  4) 
some  point,  on  the  increasing  section  In  fact,  with  gain-sharing  alone,  the  only 

of  its  unit  cost  function  (where  C'(Q)  >  0),  even  (notional)  stationary  equilibrium  is  one  where 

if  gain-sharing  is  substantial  (i.e.  g-^1),  the  K  <  0.  However,  a  negative  stock  of  cost  sav- 

threat  of  a  subsequent  collapse  in  the  price  (to  ings  corresponds  to  an  increase  in  unit-costs! 


(Quantity  of 
Output/Period) 


Figure  3. 
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Since  the  cumulative  stock  of  cost  savings  is 
constrained  to  be  non-negative  in  the  model 
(i.e.  cost-saving  investment  can  only  reduce 
unit-costs),  gain-sharing  alone  does  not  yield  a 
stationary  equilibrium.  In  order  to  invest  in 
cost-reductions,  activities  require  a  minimum 
amount  of  success-sharing. 

The  intuition  for  the  results  obtained  in  this 
case  (when  g  >  0  and  s  =  0)  can  be  seen  using 
a  simple  example.  Figure  4  illustrates  a  case 
where  gain-sharing  is  not  sufficient  to  induce 
an  activity  to  invest  in  cost-reductions.  If  the 
activity  produced  200  units  last  period  (point 
A)  at  a  unit  cost  of  $5 /unit,  suppose  this  is  the 
price  the  regulator  allows  it  to  charge  its  cus¬ 
tomers  during  the  current  period. 

Suppose  cost-saving  efforts  drive  the  unit 
cost  function  in  the  current  period  from  C(Q)  to 
AC(Q).  Then  the  unit  cost  of  production  is 
driven  down  to  $3  /  unit  at  point  B.  This  would 
generate  a  maximum  surplus  during  the  period 
of  regulatory  lag  equal  to  $2 /unit,  or  a  total  of 
$400.  If  there  is  50%  gain-sharing  (i.e.  g  =  .5), 
then  the  maximum  corresponding  gain-sharing 
bonus  is  $200,  to  be  distributed  to  the  employ¬ 
ees  at  the  end  of  the  current  period. 

However,  now  suppose  the  regulated  price 
the  activity  can  charge  in  the  next  period  drops 


to  the  new  unit  cost  level,  or  $3 /unit.  Since  the 
quantity  demanded  by  customers  is  sensitive  to 
the  price,  this  new,  lower  price  generates  more 
demand  (250  units)  by  customers  (point  C). 
This  increase  in  quantity  demanded  implies 
that  production  costs  per  unit  for  the  activity 
will  rise  to  $6 /unit  (point  D),  creating  a  $3  loss 
on  each  unit  sold  (or  a  $750  loss). 

This  means  the  activity  manager  faces  a 
decision  as  to  whether  a  $200  bonus  today  is 
worth  bearing  a  $750  loss  next  period.  To  make 
the  investment  in  cost-savings  worthwhile  to 
the  activity,  the  discount  rate  would  have  to  be 
an  unrealistically  high  275%  (i.e.  200^[1/ 
(H-r)]750  =>  r>2.75).  Even  with  100%  gain- 
sharing  (i.e.  with  g  =  1,  such  that  the  gain- 
sharing  bonus  equals  the  total  surplus  of  $400), 
the  discount  rate  applied  would  have  to  be  over 
85%  (i.e.  r>.875).  This  simple  illustration  sug¬ 
gests  that,  while  gain-sharing  can  be  demon¬ 
strated  to  be  effective  where  there  are  econo¬ 
mies  of  scale,  it  may  not  be  effective  when  there 
are  diseconomies  of  scale. 

Worse  yet,  with  diseconomies  of  scale  it  is 
possible  activities  might  have  a  perverse  incen¬ 
tive  to  increase  their  unit  cost  function.  If  a 
zero-profit  policy  is  pursued  (where  surpluses 
are  used  as  bonuses,  and  losses  are  recouped  by 
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adjusting  future  target  prices),  future  target 
prices  would  reflect  past  losses.  This  means  that 
the  subsequent  period  target  price  would  be  the 
summation  of  the  S6  unit  cost  and  an  adjust- 
ment  factor  to  recoup  the  $750  total  loss.  This 
higher  price  would  decrease  the  quantity  de¬ 
manded  by  the  customer  to  a  level  perhaps 
even  below  the  initial  level  of  200  units  (i.c.  to 
some  quantity  to  the  left  of  point  A).  A  pricing 
system  of  this  sort  might  either  lead  to  instabil¬ 
ity,  or  perhaps  as  described  in  Appendix  2,  to  a 
stationary  equilibrium  at  the  minimum  point, 
Q*,  on  a  higher  unit  cost  curve,  AC(Q)  = 
C(Q)  -  K,  where  K  <  0.  This  suggests  that  if 
gain-sharing  is  offered  by  itself,  current  DBOF 
pricing  policy  may  need  to  be  re-evaluated  for 
those  activities  that  operate  under  "disecono¬ 
mies  of  scale"  or  "decreasing  returns  to  scale." 

One  way  to  overcome  this  problem,  and  to 
induce  managers  to  undertake  cost-saving 
measures,  is  to  prevent  next  period's  target 
price  from  falling  all  the  way  to  the  new  lower 
unit  cost  of  production.  This  is  precisely  the 
concept  behind  "success-sharing."  In  the  case 
of  diseconomies  of  scale,  although  gain-sharing 
is  necessar)'  to  motivate  cost-savings  over  time, 
if  offered  by  itself  it  can  be  counterproductive. 
A  minimum  level,  s[r/(l-fr)],  of  success-shar¬ 
ing  is  required  to  attain  a  stationary  equilib¬ 
rium  (i.e.  Qj  <  <  Q*),  where  the  stock  of 

cost  savings  is,  .p  >  0. 

From  the  viewpoint  of  (internal)  customers, 
although  stationary  equilibrium  unit-costs  arc 
lower  than  starting  unit-costs,  AC(Q; )  <  C(Q"), 
customers  pay  more  than  the  new  unit-costs, 
i.e.  P,  .p  =  D{Qy)  >  AC(Qy).  However,  from  the 
activity's  viewpoint,  this  price-cost  difference 
can  be  thought  of  as  the  necessary  (discounted 
stream  of)  rewards  that  motivates  the  search  for 
cost-savings.  Regardless,  the  final  outcome  un¬ 
der  a  combination  of  gain-sharing  and  success- 
sharing  is  favorable  to  the  customer.  More  of 
the  product  or  service  is  available,  Qy  >  0"  at 
a  lower  price  than  the  starting  price,  i.e. 
AC(Q,)<P,.,o  <  P  =  QQ'’). 


CONCLUSION 

This  paper  offers  a  new  budgeting  ap¬ 
proach  for  the  Department  of  Defense.  The  pa¬ 
per  models  an  incentive  structure  for  govern¬ 
ment  activities  that  rewards  cost-savings  and 
efficiencies.  The  model  combines  cost-based- 
pricing  with  the  popular  business  practice  of 


gain-sharing,  and  a  new  incentive  program 
called  success-sharing.  The  dual  objective  of  the 
paper  was:  first,  to  offer  a  framework  to  help 
upper-level  management  evaluate  organiza¬ 
tional  incentives  in  cost-based  pricing  systems; 
and  second,  to  persuade  the  Operations  Re¬ 
search  community  to  join  in  this  effort  to  model 
critical  budgeting  issues. 

The  goal  of  gain-sharing  is  to  encourage 
activities  to  make  an  effort  to  reduce  their  cur¬ 
rent  costs  in  return  for  some  of  the  immediate 
gains  from  the  cost  savings.  Success-sharing 
refers  to  the  degree  to  which  any  "permanent" 
success  in  obtaining  cost-savings  is  shared  be¬ 
tween  customers  and  the  activity  responsible 
for  the  savings.  While  success-sharing  allows 
customers  to  benefit  from  cost  reductions,  it 
also  rewards  support  activities  with  part  of  the 
future  stream  of  benefits  from  their  cost-reduc¬ 
ing  innovations. 

Many  large,  complex,  vertically-integrated 
organizations  include  separate  activities  that 
conduct  internal  exchanges  of  goods  and  ser¬ 
vices.  The  challenge  faced  by  these  organiza¬ 
tions  is  to  govern  the  relationships  among  in¬ 
ternal  activities  to  promote  the  goals  of  the 
organization  as  a  whole.  Many  private  firms 
solve  this  problem  through  the  use  of  internal 
cost-based  transfer  prices. 

This  paper  applies  lessons  from  the  transfer 
pricing  literature  to  a  unique  subset  of  govern¬ 
ment  activities — those  that  "earn"  their  bud¬ 
gets.  Internal  DoD  support  activities  financed 
through  DBOF  offer  an  illustration.  DBOF  ac¬ 
tivities  sell  their  goods  and  services  to  "custom¬ 
ers"  (operating  forces)  at  regulated  cost-based 
transfer  prices.  The  primary  difference  between 
DBOF  business  areas  and  private  firms  is  that, 
by  Congressional  statute,  DBOF  activities  must 
operate  on  a  cumulative,  non-profit  basis.  A 
critical  challenge  is  to  align  agent's  (or  support 
activities')  incentives,  with  the  objective  (e.g. 
cost-reduction)  of  the  "principal"  (or  Comptrol¬ 
ler). 

This  paper  offers  a  new  budgeting  ap¬ 
proach  that  encourages  support  activities  to 
lower  costs  by  offering  the  opportunity  to  re¬ 
ward  employees  for  cost-reducing  innovations. 
Economist's  have  discovered  that,  both  with 
defen.se  firms  and  with  electricity  generating 
companies,  regulatory  adjustments  of  prices  in 
response  to  cost  reductions  tend  to  lag  behind 
the  actual  achievement  of  cost  reductions,  and 
that  this  can  create  an  incentive  for  cost-effi¬ 
ciency.  This  concept  of  so-called  "regulator)^ 
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lag"  is  applied  here  to  the  regulation  of  internal 
"support  activities." 

In  the  model,  the  "principal"  (i.e.  the 
Comptroller)  offers  gain-sharing  and  success¬ 
sharing  programs,  and  regulates  unit-cost- 
based  transfer  prices  with  a  lag,  to  reward  unit- 
cost  reductions  over  time.  Meanwhile,  the 
"agents"  (i.e.  support  activities)  seek  invest¬ 
ment  strategies  in  unit-cost  reducing  innova¬ 
tions  that  maximize  the  discounted  present 
value  of  their  rewards  from  gain-sharing  and 
success-sharing,  while  simultaneously  satisfy¬ 
ing  customer  demands. 

One  extension  of  the  model  would  be  to 
develop  an  explicit  game  between  the  principal 
and  the  agent(s).  In  this  game,  one  player,  the 
principal  (or  Comptroller),  chooses  a  pricing 
rule,  the  optimal  period  of  regulatory  lag,  and 
gain-sharing  and  success-sharing  programs,  to 
maximize  (the  discounted  present  value  of)  to¬ 
tal  cost  savings  over  time.  Meanwhile,  the  other 
player,  the  agent  (or  support  activity),  would 
operate  much  as  modeled  here.  The  agent 
would  take  the  pricing  rule  and  regulatory  lag 
as  given,  and  would  invest  in  cost-reductions  to 
maximize  the  discounted  present  value  of  re¬ 
turns  from  gain-sharing  and  success-sharing 
programs,  while  satisfying  customer  demands. 

This  new  budgeting  approach,  with  its 
"built-in"  incentive  structure,  rewards  a  share 
of  revenues  to  activities  who  are  successful  in 
achieving  costs  savings  over  time.  A  recent 
Congressionally-mandated  study  emphasizes 
that:  "[a]  powerful  incentive  in  the  DoD  would 
be  to  give  Service  Secretaries  and  heads  of  de¬ 
fense  agencies  the  authority  to  retain  in  their 
future  "top  line"  planning  a  substantial  portion 
of  any  savings  [or  "surplus"]  that  can  be  gen¬ 
erated  in  their  department  or  agency"  (DD 
[1995]p.4-16)  This  policy  could  ultimately  en¬ 
courage  the  implementation  of  gain-sharing 
and  success-sharing  programs  at  lower  levels  in 
the  organization. 

The  results  of  the  model  indicate  that  when 
support  activities  can  invest  in  one  period  to 
lower  their  unit  costs  in  a  subsequent  period, 
gain-sharing  is  a  necessary,  but  not  sufficient 
condition  to  create  the  incentives  for  them  to  do 
so.  Success-sharing  may  be  required  to  aug¬ 
ment  gain-sharing  in  order  to  encourage  cost 
reductions  over  time. 

Three  important  results  are  obtained  in  the 
model.  Each  result  depends  on  where  an  activ¬ 
ity  first  operates  on  its  initial  unit  cost  function. 
An  activity  can  operate:  (1)  on  the  decreasing 


section  of  its  unit  cost  function;  (2)  at  the  min¬ 
imum  point;  or  (3)  on  the  increasing  section  of 
its  unit  cost  function. 

It  is  largely  an  empirical  question  where  an 
activity  finds  itself  on  its  initial  unit  cost  func¬ 
tion.  If  an  activity's  unit  costs  decrease  with 
output  (or  "scale"),  then  it  enjoys  so-called 
"economies  of  scale"  (Case  (1)).  In  contrast,  if 
an  activity's  unit  costs  increase  with  output  (or 
"scale"),  then  it  suffers  from  "diseconomies  of 
scale"  (Case  (3)).  Strikingly  different  results  are 
obtained  from  gain-sharing  in  these  two  cases. 

Given  the  current  defense  environment,  a 
support  activity  may  face  a  number  of  scenar¬ 
ios.  Among  these  is:  a)  a  cut  in  the  demand  for 
its  product;  b)  increased  competition  from  in¬ 
ternal  (or  external)  suppliers  of  a  similar  prod¬ 
uct;  or  c)  an  increase  in  demand  for  its  product 
(say  due  to  consolidation). 

If  an  activity  suffers  significant  cuts  in  de¬ 
mand  for  its  output,  it  is  more  likely  to  fall 
under  Case  (1).  The  greater  the  actual  (or  threat 
of)  competition,  the  more  likely  it  is  an  activity 
operates  at  minimum  unit  cost.  Case  (2).  Fi¬ 
nally,  if  an  activity  experiences  an  increase  in 
demand  for  its  output,  say  due  to  consolida¬ 
tion,  it  is  more  likely  to  fall  under  Case  3. 
Regardless,  in  the  absence  of  gain-sharing  (i.e. 
with  g  =  0),  it  makes  no  difference  where  an 
activity  operates  on  its  initial  unit  cost  function. 
There  is  no  incentive  for  cost-savings  in  the 
model  without  some  degree  of  gain-sharing.^^ 
In  each  case  reviewed  below,  results  are  re¬ 
ported  for  gain-sharing  alone,  and  then  for  a 
combination  of  gain-sharing  and  success-shar¬ 
ing. 

Case  (1):  If  an  activity  initially  operates 
with  decreasing  unit  costs,  gain-sharing  alone, 
combined  with  the  regulated  unit-cost-based 
transfer  pricing  rule,  not  only  encourages  activ¬ 
ities  to  reduce  costs  over  time,  but  also  eventu¬ 
ally  results  in  marginal  cost  pricing.  The  activ¬ 
ity  benefits  by  investing  in  cost-reductions, 
because  it  can  take  advantage  of  the  regulatory 
lag  in  price  adjustments.  In  this  case  of  decreas¬ 
ing  unit  costs  (or  "economies  of  scale"),  com¬ 
bining  the  unit-cost-based  pricing  rule  with 
gain-sharing  alone,  not  only  motivates  activi¬ 
ties  to  increase  efficiencies  and  drive  costs 
down  over  time,  but  also  encourages  produc¬ 
tion  to  converge  to  the  economist's  "full  capac¬ 
ity"  (or  "minimum  efficient  scale"),  where  unit 
cost  equals  marginal  cost.  Thus,  an  additional 
advantage  of  combining  the  regulator's  pricing 
rule  with  gain-sharing  is  that  unit-cost-based 
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prices  tend  to  automatically  converge  to  pre¬ 
ferred  marginal-cost-hased  prices. 

Nevertheless,  any  degree  of  success-shar¬ 
ing  can  promote  even  further  cost-savings. 
From  the  point  of  view  of  customers,  although 
unit  costs  arc  lower  than  they  would  be  under 
gain-sharing  alone,  the  price  they  pay  is  greater 
than  actual  unit  costs.  However,  from  the  activ- 
itv's  viewpoint,  this  price-cost  difference  can  be 
thought  of  as  the  necessary  (discounted  stream 
of)  rewards  that  motivates  the  search  for  fur¬ 
ther  cost-savings.  Regardless,  customers  still 
benefit  from  this  new  budgeting  approach. 
Thev  have  more  product  available  and  pay  a 
lower  price  than  they  would  under  gain-shar¬ 
ing  alone.  An  extension  of  the  analysis  might 
investigate  whether  offering  gain-sharing  alone 
leads  to  a  bias  in  the  composition  of  invest¬ 
ment — favoring  immediate  (but  more  "tran¬ 
sient")  cost-savings,  at  the  expense  of  future 
(but  more  "permanent")  savings  that  are  re¬ 
warded  under  a  success-sharing  program. 

Case  (2):  If  an  activity  operates  at  minimum 
unit  costs,  gain-sharing  alone  will  not  have  an 
impact.  However,  combining  gain-sharing  with 
success-sharing  can  promote  cost-savings. 
From  the  customer's  viewpoint,  although  unit 
costs  are  lower  at  the  new  stationary  equilib¬ 
rium  than  under  gain-sharing  alone,  the  cus¬ 
tomer  pays  more  than  the  actual  unit  costs. 
However,  from  the  support  activity's  view¬ 
point,  this  price-cost  difference  can  be  thought 
of  as  the  necessary’  (discounted  stream  of)  re¬ 
wards  that  motivates  a  search  for  cost-savings. 
Regardless,  customers  still  benefit  from  the 
new  budgeting  approach.  At  the  stationary 
equilibrium,  customers  have  more  product 
available  and  pay  less  for  it. 

Case  (3):  With  increasing  unit  costs,  even  if 
gain-sharing  is  substantial,  the  threat  of  a  sub¬ 
sequent  collapse  in  the  price  (to  the  new,  lower 
unit  costs)  wipes  out  the  activity's  incentive  to 
invest  in  cost-savings.  Gain-sharing  alone  docs 
not  yield  a  stationar}^  equilibrium.  In  fact,  in  the 
case  of  "diseconomies  of  scale,"  offering  gain- 
sharing  by  itself  can  be  counterproductive. 

In  order  to  invest  in  cost-reductions,  activ¬ 
ities  require  a  minimum  amount  of  success¬ 
sharing.  From  the  viewpoint  of  (internal)  cus¬ 
tomers,  although  unit-costs  with  success¬ 
sharing  are  lower  than  starting  unit-costs, 
customers  pay  more  than  the  actual  unit-costs. 
However,  from  the  activity's  viewpoint,  this 
price-cost  difference  can  be  thought  of  as  the 
necessar}*  (discounted  stream  of)  rewards  that 


motivates  a  search  for  cost-savings.  Regardless, 
customers  still  benefit  from  the  new  budgeting 
approach.  A  combination  of  gain-sharing  and 
success-sharing  results  in  more  of  the  product 
or  service  being  made  available,  at  a  lower 
price  to  the  customer. 

Although  combining  gain-sharing  and  suc¬ 
cess-sharing  with  unit-cost-based  pricing  ap¬ 
pears  to  offer  an  attractive  alternative  to  con¬ 
ventional  public  budgeting,  the  manner  in 
which  such  a  system  is  implemented  is  critical 
to  its  success.  A  number  of  concerns  remain  to 
be  addressed. 

First,  the  model  is  silent  about  the  depreci¬ 
ation  of  capital  (either  due  to  "wear  &  tear"  or 
due  to  obsolescence).  Adding  depreciation 
would  be  a  useful  extension  that  would  result 
in  a  steady  state  (investment  plan),  as  opposed 
to  the  stationary  state  (in  which  there  is  no 
further  investment)  in  the  model.  Another  in¬ 
teresting  opportunity  to  extend  the  model  is  to 
recognize  that  inaccurate  forecasts  of  customer 
demands  can  impact  other  activities.  The  role  of 
substitutes  and  complements  and  uncertainty 
in  demand  might  be  captured  in  a  stochastic 
demand  function.  Other  extensions  could  ex¬ 
amine  the  impact  of  variable  returns  from  cost- 
reducing  investments,  and  explore  the  conse¬ 
quences  of  varying  gain-sharing  and  success¬ 
sharing  parameters  over  time. 

A  second  concern  is  that  the  proposed  bud¬ 
geting  system  can  only  operate  where  organi¬ 
zational  outputs,  inputs,  and  customers  are 
well  defined.  Moreover,  a  financial  manage¬ 
ment  accounting  system  is  required  that  reveals 
all  labor,  materials  and  capital  costs  that  con¬ 
tribute  to  each  output  at  as  disaggregated  a 
level  as  possible.  In  the  case  of  multiple  out¬ 
puts,  any  "common"  or  "joint"  costs  must  be 
carefully  allocated  for  the  system  to  succeed  in 
lowering  overall  costs.  Moreover,  in  imple¬ 
menting  this  system,  unit  costs  must  include 
the  (allocated)  costs  of  the  financial  manage¬ 
ment  accounting  system  itself,  together  with 
any  required  monitoring  costs. 

Third,  to  retain  proper  organizational  in¬ 
centives,  the  financial  accounting  system  must 
be  capable  of  separating  exogenous  cost 
changes  from  an  activity's  endogenous  cost- 
savings.  If  exogenous  (input)  cost  increases 
camouflage  an  activity's  endogenous  cost-sav¬ 
ings,  then  incentives  may  not  be  awarded  when 
they  are  in  fact  deserved.  Conversely,  if  exoge¬ 
nous  (input)  cost  decreases  camouflage  an  ac¬ 
tivity's  endogenous  cost  increases,  then  incen- 
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tives  will  be  awarded  when  they  are  not 
deserved.  Further  complicating  the  problem  is 
the  fact  external  (or  exogenous)  costs  are  not 
constant  over  time.  Introducing  a  stochastic 
unit  cost  function  in  the  model  could  offer  fur¬ 
ther  insights. 

Fourth,  cost  savings  can  clearly  be  gener¬ 
ated  by  reducing  quality.  Thus,  there  may  be 
burdensome  monitoring  costs  (as  well  as  some 
additional  accounting  costs)  in  insuring  that 
claimed  cost  savings  are  not  achieved  at  the 
expense  of  quality,  effectiveness,  or  through 
''cost  shifting,"  or  through  some  other  creative 
"rent-seeking"  schemes.  To  avoid  these  prob¬ 
lems,  the  threat  of  outsourcing,  competition,  or 
the  explicit  regulation  and  monitoring  of  per¬ 
formance,  continue  to  be  essential  to  safeguard 
quality  and  effectiveness. 

Fifth,  the  incentive  problem  must  be  bro¬ 
ken  into  two  parts:  i)  the  "external"  incentives 
provided  to  the  activity  (through  gain-sharing 
and  success-sharing)  to  motivate  cost  savings, 
and  ii)  the  internal  distribution  of  those  incen¬ 
tives  to  motivate  management  and  workers. 
The  important  question  of  the  distribution  of 
internal  incentives  remains  an  issue  for  further 
study  (see  footnote  27). 

Finally,  the  success  of  gain-sharing  and 
success-sharing  programs  depends  on  public 
organizations  benefiting  from  their  cost-sav¬ 
ings.  Earning  profits  in  the  public  sector  is  a 
sensitive  and  controversial  issue.  However,  it 
may  be  useful  to  educate  the  public  of  the  im¬ 
portant  role  profits  can  play  in  motivating  cost- 
savings,  A  few  precedents  could  make  this  job 
easier.  These  include  beneficial  suggestion  pro¬ 
grams  that  offer  both  lump-sum  (gain-sharing 
type)  returns,  and  more  permanent  (success¬ 
sharing  type)  returns  based  on  the  savings  en¬ 
joyed  by  an  organization  over  time.  Compari¬ 
sons  can  also  be  drawn  between  employee 
compensation  plans  that  offer  productivity  re¬ 
wards  as  one-time  ("lump-sum"  or  "annual") 
bonuses  (similar  to  gain-sharing),  as  opposed  to 
"step"  or  "merit"  increases — which  are  perma¬ 
nent  increases  in  salary  (similar  to  success-shar¬ 
ing).  Moreover,  it  may  prove  useful  to  use  the 
term  "surplus"  instead  of  "profits."  The  term 
surplus  can  be  used  to  distinguish  earnings 
derived  from  cost-reducing  innovations,  from 
the  presumably  less  desirable  earnings  (i.e. 
profits)  that  might  be  extracted  from  an  activi¬ 
ty's  internal  market  power. 

Increasing  cost  awareness  and  instilling 
business  practices  in  public  activities  is  an  im¬ 


portant  first  step.  The  next  step  is  to  grant 
activity  managers  the  financial  authority  and 
flexibility  to  invest  in  manpower,  equipment, 
and  other  resources  to  improve  quality  and 
lower  costs,  and  to  reward  them  for  doing  so. 

In  the  private  sector,  savings  result  in  in¬ 
creased  profits  or  improved  effectiveness — 
metrics  for  which  managers  are  rewarded.  In 
contrast,  "[i]n  the  Federal  sector. . .  most  re¬ 
wards  are  for  strict  compliance  with  rules, . . 
[Thus],  better  organizational  incentives  are 
needed."  (DD  [1995]p,4-17)  This  paper  offers  a 
new  budgeting  approach  with  a  "built-in"  set 
of  organizational  incentives.  The  main  conclu¬ 
sion  is  that,  although  customers  still  have  to 
monitor  quality,  combining  "gain-sharing"  and 
"success-sharing"  with  a  cost-based  pricing 
system  can  motivate  substantial  cost-savings 
over  time.  Moreover,  these  results  are  not 
unique  to  Defense.  The  model  applies  to  any 
regulated  activities  subject  to  unit-cost-based 
pricing. 


APPENDIX  1 

If  a  support  activity  is  required  to  satisfy 
demand  at  the  regulated  price,  then  (3)  can  be 
substituted  into  (2)  yielding  expressions  for  this 
and  next  periods  stock  of  cost  savings  in  terms 
of  output.  These  are  respectively, 

K,  =  {ll{l-  s))[C(Q,_i)  -  D(Q,)],  (2fl) 

and 

K,  =  (1  /  (1  -  s))[C(Q,)  -  D(Q,^,)].  {Ih) 

Substituting  (2a&b)  into  (!')  yields  an  expres¬ 
sion  for  investment.  If,  in  terms  of  output  that 
can  be  given  by  (4),  where  h(Jf)  =  (1  /  2)bl^.  As  a 
result  of  this  and  (!'),  (2),  (2a&b),  and  (3),  sur¬ 
plus  functions  at  t  and  t+1  can  be  written  in 
terms  of  Q  as  follows: 

S,  =  D(Q,)Q,-Q,{C(Q,)-(l/(l-s)) 

•  [C(Q,_0  -  D(Q,)]}  -  Z,  (4fl) 

and 

Sf+i  =  D{Qf+i)Qt+i  ~  Qf+i{C(Q^+i)  — 

(l/(l~s))[C(Q,)-D(Q,,,]} 

^t+i/  m 
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where: 

Z,  =  {b/2n^^){Kl,  -  2K,K,.,  + 

and 

Z,.,  =  {bl2a^^){Kl.  -  2K:.,K,.2  + 

are  functions  of  Q,  ^  Q„  and  Qf  asa  result  of 
(2a&:b).  Using  (4a&b)  the  condition  given  by  (6) 
can  no\v  be  expressed  exclusively  as  a  function 
of  output,  or  as, 

B(Q.  wQ.  Q,.wQr.2)  =  0.  (7) 

APPENDIX  2 

Given  the  initial  price,  =  C(Q^)  =  D(Q^), 
from  (9a):  with  a  success-sharing  program  (i.e. 
s  >  0), 

B(Q^)  >  or  <  0,  as  s(1  +  r)[C^(Q")  -  D^Q")] 

-  rC'(Q'))  >  or  ^  0;  (9a') 

In  the  absence  of  success-sharing  (i.e.  s  =  0), 
this  condition  reduces  to, 

BfQ")  >  or  ^  0,  as  -rC'(Q'))  >  or  <  0. 

(9a") 

Meanwhile,  from  (9b):  with  s  >  0, 

B(Q")  >  or  ^  0,  as{C(Q*)  -  MR(Q")) 

>  or  5^0,  (9b') 

where,  MRfQ’^)  =  D'(Q’^)C?'^  +  D(Q’^);  while  with 
s  =  0,  the  condition  reduces  to, 

B(Q")  -  0.  (9b") 

The  three  cases  analyzed  below  are  distin¬ 
guished  by  the  location  of  the  initial  output 
level,  Q^,  relative  to  the  minimum  of  the  initial 
unit-cost  function,  Case  (1)  examines  < 
Q*;  Case  (2)  examines  and  Case  (3) 

examines  >  Q*.  In  each  case,  the  initial  price 
is  set  where  =  CiQ"")  =  0(0^ 

Case  1  (Q°  <  0*): 

Suppose  an  activity  operates  on  the  declin¬ 
ing  portion  of  its  unit  cost  function  at  some 
initial  production  level,  <  Q^  where  = 
C(Q^)  ==  D(Q^),  and  that  for  any  output  level, 

D'(Q)<C'(Q)  <  0.  Two  possible  suc¬ 
cess-sharing  scenarios  need  to  be  examined. 


Case  (la):  If  s  =  0,  then  it  is  immediate  from 
(9a")  and  (9b")  respectively  that:  B(Q^)  >  0  and 
B(Q’^)  =  0.  Thus,  with  no  success-sharing,  the 
stationary  equilibrium  is  given  by  Qy  =  Q*  > 

Moreover,  the  fact  that  at  Q^,  C(Q^)  = 
D(Q^),  combined  with  a  monotonic  decreasing 
(inverse)  demand  function  and 
D'(Q)<C'(Q)<0,  implies  that, 

C(Q)>D(Q),  As  a  consequence, 

associated  with  the  stationarj^  equilibrium,  Qy 
=  Q*,  there  is  a  positive  stock  of  cost-savings, 
X,  -Q  (i.e.  from  (2a&:b)  in  Appendix  1,  = 

[cm  -d(q*)]>o). 

This  indicates  that  gain-sharing  alone  (i.e. 
g>0  and  s  =  0)  is  sufficient  for  cost-reducing 
investments  to  take  place.  The  stationar\^  equi¬ 
librium  at  Qy  =  Q*>Q^  on  the  new  lower  av¬ 
erage  total  cost  curve,  AC(Q)  =  C(Q)-X,^q,  is 
illustrated  in  Figure  1.  Expressing  the  regulated 
price  as  P  =  AC(Q)+sK,  reveals  a  stationar}^ 
equilibrium  price,  P^^^^  =  b){Q*)  =  AC(Q’^). 

It  is  useful  to  define  the  marginal  cost  func¬ 
tion  associated  with  the  new  lower  unit  cost 
curve,  AC(Q),  as,  MAC(Q)  -  d[AC(Q)Ql/dQ  - 
AC(Q)+ AC'(Q)Q.  Since,  at  Qy  =  Q\  AC'(Q")  - 
0,  the  regulated  price  at  the  stationar)^  equilib¬ 
rium  is  set  equal  to  marginal  costs,  (i.e.  since 
MAC(Q'^)  -  ACfQ"^)).  In  this  case,  gain-sharing 
combined  with  a  unit-cost-based  transfer  pric¬ 
ing  rule  not  only  encourages  activities  to  reduce 
costs  over  time  (i.e.  K  >  0),  but,  in  the  limit,  also 
eventually  results  in  marginal  cost  pricing  of 
the  output  (i.e.  Pj._o  =  MAC  =  AC). 

Case  (lb):  If  s  >  0,  since  D'(Q)<C'(Q)<0, 
from  (9a'),  B{Q^)>0.  However, 
since  C(Q)  >  D(Q),  Q^>Q^Q^  from  (9b'),  it  is 

also  the  case  that  B(Q'^)  >  0.  This  implies  that 
neither  nor  are  a  stationary  equilibrium. 
Thus,  if  it  exists,  the  stationary  equilibrium  is  at 
some  output  level,  Qy,  beyond  Q^  such  that  Qy 

>  Q*  >  While  gain-sharing  alone  is  suffi¬ 
cient  to  encourage  cost-savings,  combining 
gain-sharing  with  success-sharing  (i.e.  g  >  0 
and  s  >  0)  motivates  further  cost-reducing  in¬ 
vestment  i.e.  the  stock  of  cost-savings  with  suc¬ 
cess-sharing  is  =  [l/(l’S)][C(Qf  )  -D(Q^:)] 

>  (i.e.  the  spread  between  C(Q)  and  D(Q) 
at  Qy  is  larger  than  at  Q*  and  0<s<l  implies 
n/n-s)]  >1).  Moreover,  the  stationary'  equilib¬ 
rium  price  is  P^^,q  =  D(Q;)  =  AC(Qy)  +sK 
>AC(Q, ).  Thus,  in  the  model,  further  cost  sav¬ 
ings  can  be  achieved  if  customers  are  willing  to 
pay  prices  above  unit  costs  at  the  stationary' 
equilibrium.  Finally,  although  marginal  pro¬ 
duction  costs  at  Qy  are  greater  than  unit  costs. 
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MAC(Q£)  >  AC(Qe),  the  price,  may  or 
may  not  cover  marginal  costs,  partly  depend¬ 
ing  on  the  magnitude  of  success-sharing,  sK 
(i,e.  if  success-sharing  is  sufficiently  large,  ^s>0 
^MACm  >  AC(Qe)). 

Case  2  (Q®  =  Q*); 

Suppose  an  activity  operates  at  the  mini¬ 
mum  of  its  unit  cost  function  at  some  initial 
production  level,  ==  where  =  C(Q°)  = 
D(Q°),  and  D'(Q°)  <  C'(Q°)  =  0.  Two  possible 
success-sharing  scenarios  need  to  be  examined. 

Case  (2a):  If  s  =  0  and  then  it  is 

immediate  from  (9a")  and  (9b")  respectively 
that:  B(Q^)  =  0  and  B(Q'^)  =  0.  Thus,  with  no 
success-sharing,  the  stationary  equilibrium  is 
given  by  Qe  =  =  Q*-  As  a  consequence, 

while  there  is  marginal  cost  pricing  at  the  sta¬ 
tionary  equilibrium  (i.e.  -  MC((^)  =  C(Q°)), 

since  =  [C(Q°)-D(Q°)]  =  0,  even  with  a 
gain-sharing  program  (i.e.  g  >  0),  if  an  activity 
currently  operates  at  minimum  unit  costs,  in 
the  absence  of  a  success-sharing  program  (i.e. 
with  s  =  0)  there  is  no  incentive  in  the  model 
for  investments  in  cost-reductions  over  time. 

Case  (2b):  If  s  >  0  and  since  D'(Q°) 

<  C'(Q°)  =  0,  and  =  C(Q^)  =  D(Q°)  > 
MR(Q°),  then  from  (9a'),  B(Q°)  >  0,  and  from 
(9b'),  it  is  also  the  case  that  B(Q’^)  >  0.  This 
implies  that  neither  nor  Q  <  is  a 

stationary  equilibrium.  Thus,  if  it  exists,  the 
stationary  equilibrium  is  at  some  output  level, 
Q^,  beyond  such  that  Qe>  =  Q*-  Since 
the  stock  of  cost  savings  at  this  point  is,  ]Cs>o  = 
[1/(1-s)][C(Q£)-D(Q£)]  >  =  0,  combining 

gain-sharing  with  success-sharing  (i.e.  g  >  0 
and  s  >  0)  is  required  to  motivate  cost-reducing 
investment.  Moreover,  the  stationary  equilib¬ 
rium  price  is  P,>o  =  ^(Qe)  =  AC(Q£)  +sK  > 
AC(Q£).  Thus,  in  the  model,  cost  savings  are 
achieved  only  if  customers  are  willing  to  pay 
prices  above  unit  costs  at  the  stationary  equi¬ 
librium.  Finally,  although  marginal  production 
costs  at  are  greater  than  unit  costs, 
MAC(Q£)  >  AC(Q£,  the  price,  P^^q,  may  or 
may  not  cover  marginal  costs  partly  depending 
on  the  magnitude  of  success-sharing,  sK  (i.e.  if 
success-sharing  is  sufficiently  large,  P^^q 
>MAC(Q£)  >  AC(Q£)). 

Case  3  (Q°  >  Q*): 

Suppose  an  activity  operates  on  the  increas¬ 
ing  portion  of  its  unit  cost  function  at  some 
initial  production  level,  Q®  >  Q*,  where  P°  = 
C(Q°)  =  D(Q^),  and  that  for  any  output  level, 
Q*  <Q<  C'(Q)  >  0  >  D'(Q).  Two  possible 

success-sharing  scenarios  need  to  be  examined. 


Case  (3a):  If  s  =  0,  then  it  is  immediate  from 
(9a")  and  (9b")  respectively  that:  B(Q^)<0  and  B 
(Q*)  =  0.  Thus,  with  no  success-sharing,  if  it 
exists,  the  stationary  equilibrium  is  given  by 
=  However,  the  fact  that  at  Q°,  C(Q°) 

=  D(Q^),  combined  with  a  monotonic  decreas¬ 
ing  (inverse)  demand  function  and  C'(Q)>0  > 
D'(Q).  Q*  Q°,  implies  that,  C(Q)<D(Q), 
Q*  ^  Q  <  Q°.  As  a  consequence,  associated 
with  the  stationary  equilibrium,  Qe  =  Q%  there 
is  a  negative  stock  of  cost-savings,  i.e.  = 
[C(Q’*‘)  -D(Q^)]<0.  However,  this  implies  the 
activity  will  invest  to  pad  (or  increase)  its  costs, 
and  only  cost-reducing  investments  are  al¬ 
lowed  in  the  model.  So  Q£  =  Q*  cannot  be  a 
stationary  equilibrium.  It  is  demonstrated  in 
(3b)  below  that  a  minimum  degree  of  success¬ 
sharing  is  required  when  an  activity  operates 
with  unit  production  costs  that  increase  with 
workload.  Moreover,  if  a  regulator  has  a  pric¬ 
ing  rule  that  compensates  activities  for  cost  in¬ 
creases,  surplus-maximizing  activities  may 
have  an  incentive  to  make  spurious  "invest¬ 
ments"  when  they  operate  under  increasing 
unit  cost  conditions. 

Case  (3b):  If  s  >  0,  since  C'(Q)>0  >  D'(Q), 
Q*  :<Q<  Q°,  from  (9a'),  if  0  >  s  >  [r/(l+r)], 
then  B(Q°)  >  0.  Meanwhile,  since  C(Q)<D(Q), 
Q*  <  Q^,  if  the  demand  curve  is  suffi¬ 
ciently  inelastic  (i.e.  customers  are  relatively 
insensitive  to  price),  then  C(Q  >  MR{Q%  and 
from  (9b'),  it  is  also  the  case  that  B(Q^)  >  0. 
Marginal  revenue  at  Q*,  MR(Q*),  can  be  written 
in  terms  of  the  price  elasticity  of  demand  (Eq  p 
=  (%  AQ/  %  AP)  =  (D'Q/D)<0):  MR(Q’^)  = 
D'(Q")Q*  +D{Q*)  =  D(Q’^)[(1/Eq^p)+1],  where 
inelastic  demand  is  given  by  |Eq  p|  <  1.  If  these 
conditions  hold,  then  neither  rior  Q*  (nor 
any  other  arbitrary  reference  point,  <  Q  < 
Q^)  are  a  stationary  equilibrium.  Thus,  if  it  ex¬ 
ists,  the  stationary  equilibrium  is  at  some  out¬ 
put  level,  Qp,  beyond  such  that  Qe  >  > 

Q*.  Since  the  stock  of  cost  savings  at  this  point 
js,  K^>o  =  [1/(1-s)][C(Q£)-D(Q£)]  >  0,  combin¬ 
ing  gain-sharing  with  a  minimum  level  of  suc¬ 
cess-sharing  (i.e.  g  >  0  and  s  >  [r/(l+r)])  is 
required  to  motivate  cost-reducing  investment. 
Moreover,  the  stationary  equilibrium  price  is 
^s>0  =  D(Qe)  =  AC(Q£)  +sK  >  AC(Q£).  Thus, 
in  the  model,  cost  savings  are  achieved  only  if 
customers  are  willing  to  pay  prices  above  unit 
costs  at  the  stationary  equilibrium.  Finally,  al¬ 
though  marginal  production  costs  at  Q£  are 
greater  than  unit  costs,  MAC(Q£)  >  AC(Q£), 
the  price,  Pg  >  q/  or  may  not  cover  marginal 
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costs  partly  depending  on  the  magnitude  of 

success-sharing,  sK  (i.e.  if  success-sharing  is 

sufficiently  large,  P,  >  q  ^  MAC(Q/ )  >  AC(Q;;)). 
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ENDNOTES 

^  See,  for  example,  W.  Rogerson's  paper  enti¬ 
tled  "On  the  Use  of  Transfer  Prices  Within 
DoD:  The  Case  of  Repair  and  Maintenance  of 
Depot-Level  Reparables  by  the  Air  Force,"  Lo¬ 
gistics  Management  Institute  Paper  PA303RD1, 
March  1995. 

^  Stiglitz  [1986]  offers  the  following  exam¬ 
ple.  Suppose  there  is  cost-based  pricing  where 
the  allowed  price  for  the  service  provided  by  a 
government  activity  is  the  cost  per  unit  of  the 
service.  Suppose  further  that  performance  is 
difficult  to  measure;  and  that  the  government 
activity  attempts  to  maximize  its  budget.  As¬ 
suming  demand  for  the  service  is  inelastic  over 
some  range  (i.e.  that  demand  is  relatively  in¬ 
sensitive  to  price  increases),  it  would  pay  a 
monopoly  activity  "to  increase  the  degree  of 
inefficiency  until  the  price  (costs  per  unit  of 
delivered  service)  were  increased  to  [the  bud¬ 
get  maximizing  price]."  (p.l73) 

^  Outsourcing  involves  "using  federal 
funds  to  pay  a  private  company  to  do  defense 
work"  while  privatization  "completely  trans¬ 
fers  [a  DoD  activity]  to  the  private  sector." 
(SECDEF  Annual  Report  [1996]  p.l25) 

^  The  defining  choice  of  any  firm  or  orga¬ 
nization  is  to  "make-or-buy"  required  interme¬ 
diate  products.  The  "buy"  options  include  open 
market  purchases  or  supplier  contracts  (out¬ 
sourcing).  The  "make"  option  entails  "owner¬ 
ship  integration"  of  support  services.  The 
make-or-buy  decision  defines  the  boundaries  of 
the  organization.  These  management  choices 
rely  heavily  on  the  "transactions  costs"  litera¬ 


ture.  (Shugart,  et.  al,  [1994])  Transactions  costs 
consist  of  (1)  search  and  information  costs,  (2) 
bargaining  and  decision  costs,  and  (3)  policing 
and  enforcement  costs.  The  choice  of  whether 
to  purchase  inputs  in  markets,  to  contract  with 
suppliers,  or  to  internalize  the  transaction  de¬ 
pends  on  the  marginal  benefits  and  costs  of 
each  alternative.  Relying  on  outside  suppliers 
or  markets  involves  price  searches,  quality  con¬ 
cerns  and  security  issues.  Contracting  with  spe¬ 
cific  suppliers  involves  negotiations  and  the 
writing  and  enforcement  of  contracts.  Mean¬ 
while,  a  primary  challenge  of  ownership  inte¬ 
gration  is  the  "principal-agent"  problem.  Prin¬ 
cipals  (upper-level  management)  need  to  align 
the  interests  of  their  agents  (lower  level  man¬ 
agers  and  workers)  with  their  own.  One  ap¬ 
proach  is  to  create  an  incentive  structure  that 
rewards  efforts  that  help  accomplish  the  prin¬ 
cipal's  goals,  but  this  necessarily  includes  the 
(costly)  monitoring  of  performance.  This  paper 
models  a  specific  incentive  structure  designed 
to  motivate  agents  (support  activities)  to  ac¬ 
complish  the  goal  of  achieving  cost  savings  and 
efficiencies  over  time. 

^  While  Secretary  of  Defense  Perry  agrees 
that  "outsourcing  [certain]  commercial  activi¬ 
ties  [such  as  depot  maintenance  and  material 
supply  management]  holds  promise  to  stream¬ 
line  DoD  support  activities  and  to  achieve  cost 
savings,"  he  concludes  "the  Department  must 
carefully  evaluate  the  extent  to  which  we  can 
achieve  efficiencies."  (DoD  News  Release  No. 
470-95,  8/25/95)  Meanwhile,  the  Commission 
acknowledges  that,  where  there  are  ". . .  diffi¬ 
culties  in  structuring  appropriate  contracts  and 
establishing  meaningful  competition"  (DD 
[1995]  p.3-4),  or  where  government  activities 
depend  on  specialized,  defense-unique  re¬ 
sources  (DoD  Handbook  [1995]),  outsourcing 
may  even  be  counterproductive.  Moreover,  ex¬ 
panding  the  DoD's  use  of  contract  support  also 
"requires  improving  its  abilities  to  create  and 
administer  those  contracts,  and  to  monitor  con¬ 
tractor  performance."(DD  [1995]  p.3-3)  Another 
issue  that  remains  is  the  current  legislation  that 
mandates  a  60-40  split  of  support  work  be¬ 
tween  DoD  and  private  contractors. 

^  A  recent  example  is  provided  by  the  Brit¬ 
ish  Government's  attempt  to  regulate  its  newly 
privatized  electric  utilities  ("How  to  Privatize," 
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The  Economist,  3/11/95).  When  a  support  ac¬ 
tivity  cannot  be  competitively  outsourced,  and 
cannot  be  competitively  supplied  in-house,  it 
may  still  be  possible  to  control  the  activity  via 
price  regulations  similar  to  Britain's  so-called 
RPI-\  method,  (see  "Incredible,"  The  Econo¬ 
mist,  3/11  /95)  There,  a  regulated  price  is  estab¬ 
lished  and  allowed  to  rise  by  no  more  than  the 
retail  price  index  (RPI)  less  some  percentage,  x. 
When  the  price  cap's  time  is  up,  the  regulator 
sets  a  new  one  for  the  next  period.  Under  this 
system  a  regulated  activity  profits  directly  from 
any  cost  saviners,  at  least  until  the  next  review. 
Britain's  regulations  essentially  allow  activities 
100*^0  gain-sharing  for  any  cost  savings 
achieved  during  the  period  the  regulated  price 
is  in  force.  However,  when  a  new  cap  is  set,  cost 
savings  are  passed  on  to  consumers  who  re¬ 
ceive  the  full  benefits  from  the  price  dropping 
to  the  new  lower  cost  level.  So  far  the  evidence 
suggests  that  cost-based  price  regulation  com¬ 
bined  with  gain-sharing  has  "delivered  lower 
real  prices  to  consumers."  ("Disgusted,"  The 
Economist,  3/11/95) 

'  Although  if  success-sharing  is  to  be  im¬ 
plemented  in  future  contracts  for  the  contrac¬ 
tor's  benefit,  then  the  DoD  might  consider  shar¬ 
ing  cost  savings  in  the  current  contract  (i.e. 
allowing  contractors  something  less  than  100% 
gain-sharing). 

^  Another  concern  is  that,  with  time-con¬ 
strained  purchases,  the  "ease"  of  a  purchase 
begins  to  take  precedence  over  its  cost-effec¬ 
tiveness.  Moreover,  as  the  fiscal  year  comes  to  a 
close,  instead  of  pooling  savings  remaining  to¬ 
wards  the  end  of  the  year  at  a  more  aggregate 
level  and  evaluating  remaining  funding  priori¬ 
ties  globally,  each  activity  has  an  incentive  to 
use  its  budget  on  its  own  list  of  priorities,  lead¬ 
ing  to  sub-optimal  behavior.  Increased  over¬ 
sight  of  activities  (e.g.  monitoring,  auditing, 
rules  and  regulations)  often  occurs  in  response 
to  problems  such  as  these. 

Schick  [1988]  cites  the  extreme  case  of 
Ireland  where  the  government  "maintain[s] 
year-round  financial  control,.  . .  departments 
submit  monthly  spending  plans  at  the  start  of 
the  year  and  month-by-month  comparisons  of 
actual  and  projected  expenditure  during  the 
year. . .  underexpenditure  in  any  month  is 
treated  as  a  saving  for  the  year  and  normally  is 


not  available  for  spending  in  a  later  month." 
(p.529) 

The  standard  regulatory  response  also 
violates  the  National  Performance  Review's 
and  Commission  on  Roles  and  Mission's  goal 
to  empower  managers  and  workers  at  lower 
levels  by  decentralizing  authority  and  encour¬ 
aging  them  to  become  more  entrepreneurial: 
"DoD  managers  at  all  levels  must  be  empow¬ 
ered  to  make  sound  business  decisions  based 
on  broad  policy  guidance,  rather  than  on  de¬ 
tailed  rules."  (DD  [1995]  p.3-6) 

If  customers  are  given  the  freedom  to 
choose  between  internal  providers,  or  to  "out¬ 
source,"  and/or  if  customers  have  the  flexibil¬ 
ity  to  spend  their  funds  on  a  variety  of  inputs, 
this  freedom  and  flexibility  can  encourage  fur¬ 
ther  efficiencies  in  customer  purchasing  deci¬ 
sions  and  generate  competitive  pressure  on  in¬ 
ternal  providers  to  lower  costs  and  improve  the 
product. 

This  assumption  is  not  as  innocent  as  it 
sounds.  As  noted  by  Pavia  [1995]:  "[m]ulti- 
product  firms  usually  incur  fixed  costs  which 
arc  difficult  to  attribute  to  the  production  of  a 
particular  output.  This  is  a  troublesome  issue 
for  firms  that  use  production  costs  to  establish 
prices.  [Whereas]  firms  may  avoid  the  problem 
by  only  looking  at  directly  attributable  [vari¬ 
able]  costs,"  (p.l060)  this  can  pose  serious  dif¬ 
ficulties.  For  example,  if  cost-based  pricing  is 
combined  with  gain-sharing,  costs  that  are 
"counted"  might  be  cut  at  the  expense  of  those 
not  counted,  resulting  in  higher  costs  overall.  A 
recent  study  by  Rogerson  [1995]  offers  sobering 
insights  into  problems  that  can  arise  under 
DBOF  when  costs  are  not  assigned  correctly  in 
multiproduct  organizations.  Although  not  spe¬ 
cifically  addressed  here,  these  problems  merit 
further  attention. 

Historically,  certain  DoD  support  activi¬ 
ties  operated  in  so-called  "revolving  funds" 
that  charged  customers  for  products  and  ser¬ 
vices.  The  U.S.  Military  has  used  two  primarj^ 
types  of  revolving  funds,  stock  funds  and  in¬ 
dustrial  funds.  Stock  funds  were  used  to  pro¬ 
cure  material  and  to  hold  inventory  for  resale  to 
the  operating  forces,  recovering  only  the  cost  of 
the  material  itself.  Industrial  funds  provided 
services  such  as  depot  maintenance  and  trans¬ 
portation,  recovering  overhead  costs  in  addi- 
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tion  to  material  costs.  The  DBOF  merged  into 
one  revolving  fund,  nine  existing  stock  and 
industrial  funds,  along  with  five  additional  de¬ 
fense  commercial  operations  or  business  activ¬ 
ities  previously  funded  with  direct  appropri¬ 
ated  funds. 

For  detailed  information  on  the  compo¬ 
sition  and  scope  of  each  business  area,  see  Ap¬ 
pendix  C  of  the  DBOF  Handbook  [1995]. 

Activity-based  costing  (ABC)  breaks 
down  an  organization  into  activities.  The  prin¬ 
cipal  function  of  an  activity  is  to  convert  re¬ 
sources  (labor,  materials,  etc.)  into  outputs. 
While  activities  consume  resources,  customers 
consume  activities.  ABC  systems:  1)  identify 
the  activities  performed  to  produce  outputs;  2) 
map  the  usage  of  organizational  resources  to 
these  activities;  3)  identify  the  outputs  pro¬ 
duced;  and  4)  link  the  activity  costs  to  the  out¬ 
puts. 

Alternatively,  OSD  could  offer  price  sub¬ 
sidies  that  lower  the  price  to  in-house  (DoD) 
customers.  Also,  to  the  extent  internal  costs 
exceed  commercial  rates,  but  in-house  produc¬ 
tion  is  required  to  protect  wartime  mission  ca¬ 
pability,  OSD  could  either  explicitly  subsidize 
the  difference,  or  act  as  the  final  customer.  A 
useful  avenue  for  future  research  is  to  examine 
the  role  of  subsidies  in  DoD. 

Customers  determine  and  justify  their 
anticipated  requirements  for  goods  and  ser¬ 
vices  they  acquire  from  the  DBOF  business  ar¬ 
eas.  Resources  required  by  customers  to  pur¬ 
chase  business  area  products  are  subsequently 
identified  in  budget  request  documents.  Budget 
documents  are  developed  using  projected  rates 
and  prices  published  by  the  DBOF  business 
areas. 

Final  approved  rate  changes  are  estab¬ 
lished  by  the  OUSD(C)and  recorded  in  Pro¬ 
gram  Budget  Decision  (PBD)  documents:  "For 
the  DBOF  business  areas,  the  OUSD(C)  reviews 
and  approves  all  rates  and  prices  developed. . . 
"  (DBOF  Handbook  {1995]p,3-12) 

The  "death  spiral"  problem  results  in 
so-called  "pass-through"  funding  requests  to 
Congress.  However,  pass-through  funding  was 
originally  designed  only  as  a  onetime  correc¬ 
tion  of  the  price  structure  to  bring  rates  back 
down  to  a  reasonable  level.  A  conjecture  is  that 


this  problem  will  become  progressively  more 
acute  under  current  DBOF  regulations. 

The  working  hypothesis  is  that  the  pro¬ 
vision  of  a  clear  link  between  a  support  activi¬ 
ty's  success  in  reducing  costs  (while  preserving 
or  increasing  quality),  and  wages  and  job  secu¬ 
rity,  will  motivate  managers  and  employees  to 
generate  cost  savings.  The  incentive  problem 
can  be  broken  down  into  two  paprts:  i.)  external 
incentives  provided  to  the  activity  to  motivate 
cost  savings,  and  ii.)  the  internal  distribution  of 
those  incentives  to  motivate  management  and 
workers.  This  paper  focuses  on  external  incen¬ 
tives  and  leaves  the  important  question  of  the 
distribution  of  internal  incentives  as  an  issue 
for  further  study.  However,  an  expert  on  the 
latter  offers  that  "[ojnce  'statistical  control'  is 
established,  serious  work  [by  management]  to 
improve. . .  [the]  economy  of  production  can 
commence."  (Deming  [1986]  p.354)  This  paper 
studies  two  specific  external  incentives  de¬ 
signed  to  reward  the  "economy  of  production": 
namely  gain-sharing  and  success-sharing. 

This  unit-cost  function,  C(Q),  is  also  as¬ 
sumed  to  be  stable  over  time.  This  assumption 
is  important  because  in  reality,  cost  functions 
are  stochastic  and  subject  to  exogenous  (ran¬ 
dom)  shocks  in  input  prices.  (Deming  [1986])  If 
exogenous  shocks  (unforeseen  resource  price 
increases,  natural  disasters,  wars,  etc.)  create 
cost  increases  which  camouflage  an  activity's 
true  cost  saving  efforts,  then  appropriate  incen¬ 
tives  may  not  be  awarded  to  the  activities  when 
they  were,  in  fact,  deserved.  Thus,  if  gain-shar¬ 
ing  and  success-sharing  under  unit-cost-based 
transfer  pricing  is  to  be  successful,  it  must  be 
possible  for  financial  accounting  systems  to 
separate  exogenous  cost  changes  (e.g.  higher 
fuel  prices)  from  an  activity's  endogenous  cost 
savings  (e.g.  a  new  inventory  policy).  Although 
not  specifically  addressed  here,  this  more  com¬ 
plex  problem  deserves  further  attention. 

These  cost-reducing  innovations  could 
be  as  simple  as  introducing  modifications  to  the 
procurement  process  that  allow  credit  card  pur¬ 
chases  and  encourage  the  use  of  commercial 
specifications,  to  more  involved  changes  that 
require  rewriting  rules  &  regulations  governing 
travel,  personnel  actions,  and  part-time  em¬ 
ployment.  In  the  model,  it  makes  no  difference 
whether  cost  savings  result  from  an  application 
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of  new  technology,  improved  employee  coop¬ 
eration  and  information  sharing  that  reduces 
errors,  rework  and  wasted  materials,  or  from 
employee  education  and  training. 

Orvis,  et.al.  [1992]  offer  an  interesting 
review  of  one  DoD  gain-sharing  experiment 
conducted  at  Sacramento's  Air  Logistics  Center 
called  PACER  SHARE.  Although  difficult  to 
evaluate,  apparently  "Sacramento  display[cd]  a 
tendency  toward  cost  savings  under  PACER 
SHARE  relative  to  its  baseline,. .  .  "  (p..l21) 

In  contrast  to  the  way  investment  costs 
are  treated  in  the  model,  under  current  DBOE 
policies,  "(cjapital  expenditures. . .  for  new  cap¬ 
ital  assets.  . .  arc  financed  through  depreciation 
or  capital  surcharge  rates  included  in  prices." 
(DBOE  Handbook  [1995]p.3-ll) 

Although  g  and  s  arc  fixed  over  time  for 
purposes  of  the  model,  an  interesting  extension 
would  be  to  examine  the  case  where  gain-shar¬ 
ing  and  success-sharing  is  not  constant  over 
time. 

In  the  case  of  DBOE,  business  areas  arc 
organizations  within  the  department,  and  sav¬ 
ings  in  DBOE  business  areas  are  savings  in  the 
department,  and  the  savings  result  in  increased 
operating  revenue  for  the  war  fighters.  There¬ 
fore,  one  might  assume  that  public  servants 
already  have  the  motivation  to  seek  cost-sav¬ 
ings.  However,  due  to  the  current  price-setting 


rules  in  DBOE  and  from  the  histor)^  of  non¬ 
profits,  our  model  assumes  further  cost-savings 
could  be  motivated  through  organizational  in¬ 
centives  that  offer  something  similar  to  a  "prof¬ 
it  motive."  Eor  example,  one  of  the  most  strik¬ 
ing  changes  taking  place  in  business  today  is 
the  dramatic  reshaping  of  compensation  plans. 
Incentive  pay  plans  are  rapidly  spreading  from 
the  executive  suite  to  the  shop  floor.  Incentive 
pay  plans  set  the  compensation  of  workers  and 
top  management  according  to  how  well  the 
company  achieves  a  number  of  preset  objec¬ 
tives.  The  most  widely  employed  is  profit-  (or 
gain-)  sharing,  whereby  employees  receive  an¬ 
nual  bonuses  based  on  corporate  profit  perfor¬ 
mance.  More  than  30%  of  US  companies  em¬ 
ploy  some  form  of  profit-  or  gain-sharing. 
However,  the  design  of  an  effective  and  fair 
incentive  pay  plan  is  a  daunting  challenge.  Pay 
must  be  closely  linked  to  performance  mea¬ 
sures  that  managers  and  employees  can  di¬ 
rectly  influence.  Moreover,  the  marginal  impact 
of  each  employee's  effort  must  be  separated 
from  the  influence  of  others  and  more  general 
company-wide  or  economy-wide  influences. 
Each  of  these  considerations  is  relevant  to  the 
current  model,  and  offers  opportunities  for  fu¬ 
ture  research,  (also  see  Hirschey  &:Pappas 
[1995]p.339) 
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ABSTRACT 

his  paper  outlines  a  method  for  esti¬ 
mating  and  comparing  the  Loss  Ex¬ 
change  Ratio  (LER)  output  of  com¬ 
puter  combat  simulations,  and  develops 
methods  to  establish  a  priori  the  number  of 
simulation  runs  required  to  detect  a  change 
in  the  parameters  of  the  simulation  of  a 
given  size. 

The  Loss  Exchange  Ratio  (LER)  is  a 
widely  used  and  widely  accepted  summary 
statistic  for  a  simulation  run  involving 
force-on-force  combat  models.  The  LER  is 
surprisingly  variable  -  multiple  runs  of  the 
same  scenario  produce  a  large  range  of 
LER. 

We  assert  here  that  these  loss  exchange 
ratios  are  skewed  stochastic  random  vari¬ 
ables,  and  that  they  are  well  modeled  by 
the  inverse  gaussian  (IG)  distribution.  We 
discuss  technical  reasons  for  preferring  the 
inverse  gaussian  model  over  other  distribu¬ 
tions,  particularly  the  log-normal  distribu¬ 
tion. 

Adopting  this  IG  stochastic  model  al¬ 
lows  us  to  develop  explicit  statistical  meth¬ 
ods  for  estimating  the  parameters  of  this 
distribution,  using  its  known  sampling  dis¬ 
tributions,  We  also  inherit  precise  statistical 
tests  for  hypothesis  testing.  Finally,  we  are 
able  to  determine  a  priori  the  number  of 
simulation  runs  necessary  to  detect  a 
change  in  the  distribution  of  a  given  size. 
This  is  a  particularly  valuable  ability,  given 
the  increased  reliance  of  the  Army  on  these 
simulation  models  to  make  procurement 
and  doctrinal  decisions.  We  discuss  how 
these  simulation  tests  fit  into  the  larger 
scheme  of  procurement  and  doctrine  deci¬ 
sions 

We  illustrate  with  data  sets  from  both 
the  JANUS  and  CASTFOREM  simulations. 
In  particular,  we  find  that  the  use  of  the  IG 
model  allows  us  to  make  more  powerful 
conclusions  about  the  data. 

In  our  discussion  of  the  inverse  gauss¬ 
ian  distribution,  we  illustrate  the  versatility 
of  this  lesser  known  member  of  the  expo- 
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nential  family  for  modeling  positive 
skewed  data  and  provide  a  primer  on  its 
properties. 

We  conclude  that  the  IG  is  a  good 
model  for  describing  the  variability  of  LER 
with  useful  estimation  and  testing  proper¬ 
ties,  and  recommend  its  consideration 
when  modeling  LER.  We  sketch  two  other 
promising  areas  for  research  which  follow 
from  the  use  of  this  model. 

Key  Words:  Loss  exchange  ratios,  sample  size, 
inverse  gaussian  random  variables,  JANUS, 
CASTFOREM,  simulation,  design  of  experi¬ 
ments 

INTRODUCTION 

Consider  two  systems  which  are  being 
considered  for  acquisition.  How  does  one 
tell  if  they  are  worth  the  cost  of  acquiring 
them,  or  what  their  benefits  are?  How  does 
one  choose  between  the  two,  if  resources 
are  constrained  to  permit  the  adoption  of 
only  one?  The  question  is  particularly 
difficult  if  the  systems  are  from  different 
battlefield  operating  systems,  say  an  air  de¬ 
fense  weapon  system  and  a  communica¬ 
tions  system. 

One  strategy  for  comparing  these  sys¬ 
tems  is  to  model  their  characteristics,  and 
add  them  to  an  existing  "base  case"  force 
model.  For  example,  we  may  have  a  force 
model  which  represents  a  battalion  task 
force.  We  adjust  the  model  to  reflect  the 
addition  of  new,  competing  systems.  These 
new  force  models  are  used  in  a  suite  of 
scenarios  which  are  executed  in  a  combat 
simulation,  say  JANUS  or  CASTFOREM. 
The  results  of  the  simulation  with  the  new 
force  packages  are  compared  to  each  other 
and  to  the  base  case.  Inferences  are  drawn 
about  their  relative  merits.  These  merits, 
together  with  the  costs  of  the  systems,  can 
form  the  basis  for  rational  choices  using  a 
cost-benefit  analysis. 

Such  comparisons  are  not  limited  to 
system  acquisition:  doctrinal  changes  and 
force  structures  can  also  be  modeled  and 
compared  using  this  simulation  approach. 

A  related  problem  asks,  what  are  the 
specifications  which  should  be  required  for 
a  new  system?  One  approach  is  to  construct 
a  model  which  allows  varying  capability  in 
the  new  system,  and  to  simulate  at  various 
levels  of  this  capability.  One  then  chooses  a 
response  from  the  simulation,  and  con¬ 
structs  a  model  of  the  response  as  a  func¬ 
tion  of  the  level  of  the  capability.  It  is  pos¬ 
sible  to  construct  response  surface  models 
which  examine  the  effects  of  making  mul- 
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tiple  changes  to  the  base  force  model  simulta¬ 
neously.  These  models  help  decide  how  much 
and  which  capability  to  buy.  They  also  allow 
exploration  of  the  interactions  between  capabil¬ 
ities  and  the  identification  of  any  resulting  syn¬ 
ergies. 

This  methodology  requires  us  to  select 
from  the  outputs  of  these  simulations  for  com¬ 
parison.  It  then  requires  a  statistically  valid 
means  of  modeling,  estimating,  and  comparing 
these  responses. 

One  of  the  conventional  summary  statistics 
for  a  combat  simulation  run  is  the  loss  ex¬ 
change  ratio  (LER),  which  is  the  ratio  of  enemy 
losses  to  friendly  losses.  While  this  statistic  suf¬ 
fers  from  all  the  difficulties  associated  with 
summarizing  a  very  complex  battle  with  one 
number,  it  has  found  wide  acceptance  in  the 
operations  research  community,  as  well  as 
among  decision-makers. 

We  will  use  the  LER  as  the  response  vari¬ 
able  for  the  purposes  of  this  discussion.  We 
note  that  the  methodologv  developed  here  is 
general,  and  can  be  applied  to  other  skewed, 
non-negative  measures  of  effectiveness. 

We  will  not  examine  the  issue  of  whether 
the  simulations  validly  represent  reality  -  in 
other  words,  if  loss  exchange  ratios  for  repeated 
''actual"  battles  follow  the  same  distribution  as 
the  simulations.  The  question  is  likely  unan¬ 
swerable,  in  the  first  place  -  exact  replications 
being  notoriously  difficult  to  obtain  from  the 
records  of  combat.  In  the  second  place,  under¬ 
standing  the  variability  of  the  simulations 
themselves  is  a  sufficiently  ambitious  project 
for  the  scope  of  this  paper  -  especially  since  it  is 
the  simulations  ^vhich  are  increasingly  being 
used  to  shape  decisions  about  acquisitions,  doc¬ 
trine,  and  force  structure. 

We  also  note  that  LER  depends  on  your 
point  of  view;  one  could  easily  consider  the 
reciprocal  of  LER  as  the  measure  of  perfor¬ 
mance  with  no  logical  difficultv.  We  shall  ex- 
amine  that  issue,  and  see  that  it  does  not  pose 
any  fatal  difficulties. 

This  paper  has  the  folknving  structure.  In 
section  2,  we  discuss  loss  exchange  variables 
and  possible  models,  adopting  the  inverse 
gaussian  model.  In  section  3,  we  discuss  esti¬ 
mation  of  LER  parameters  using  the  inverse 
gaussian  model.  In  section  4,  we  discuss  hy¬ 
pothesis  testing.  In  section  5,  we  discuss  se¬ 
quential  testing  methods  of  LER.  Next,  in  sec¬ 
tion  6,  we  examine  the  power  of  these  tests,  and 
propose  a  simulation  method  for  determining 


the  appropriate  number  of  runs  for  a  simula¬ 
tion.  We  then  look  at  two  different  sets  of  sim¬ 
ulation  results  in  section  7.  We  close  with  sec¬ 
tion  8,  conclusions  and  recommendations.  A 
primer  on  the  inverse  gaussian  distribution  is 
appended  as  section  9. 


Loss  Exchange  Ratios 

The  loss  exchange  ratio  is  a  widelv  used 
summary  statistic  for  combat  models.  It  has 
theoretical  underpinnings  in  the  work  of  Fred¬ 
erick  Lanchester,  and  his  deterministic  differ¬ 
ential  equation  models  of  combat. 

It  is  well  known  that  the  output  of  a  com¬ 
puter  simulation  package  such  as  JANUS  or 
CA5TFOREM  is  variable.  The  exact  same  sce¬ 
nario  can  be  simulated  repeatedly  on  these 
models,  and  different  -  sometimes  strikingly 
different  -  outcomes  may  result.  For  example, 
the  boxplot  in  Figure  1  shows  the  LERs  of  80 
runs  of  the  same  scenario  on  the  same  com¬ 
puter  using  the  same  simulation  package, 
CASTFOREM.  The  maximum  LER  was  4.5, 
while  the  minimum  was  0.69,  The  median  was 
1.5,  while  the  mean  was  1.69788. 

The  variability  and  skewness  in  these  data 
argue  strongly  against  using  the  single  sun'i- 
mary  statistic,  average  LER.  The  LER  data  need 
to  be  described  not  only  with  a  measure  of 
location,  but  also  with  measures  of  its  disper¬ 
sion  and  shape.  For  appropriate  statistical  de¬ 
scription  and  analysis,  we  require  a  statistical 
model.  Lacking  such  a  model,  we  can  not  com¬ 
pare  the  outputs  of  the  competing  simulations: 


LER 


Figure  1.  Histogram  for  loss  exchange  ratios  for  80 
simulations  of  a  scenario  simulated  using  CAST¬ 
FOREM.  Data  provided  by  TRAC-WSMR. 
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we  can  not  determine  if  differences  in  response 
are  due  merely  to  chance. 


Models 

There  are  several  possible  models  for  mod¬ 
eling  non-negative  skew  data.  The  log-normal, 
gamma,  Weibull,  and  inverse  gaussian  distri¬ 
butions  immediately  suggest  themselves. 

We  desire  our  model  to  have  several  prop¬ 
erties.  First,  the  model  must  fit  the  data  well. 
Second,  the  distribution  of  the  maximum  like¬ 
lihood  estimators  (MLEs)  for  the  model  param¬ 
eters  should  be  known,  and  tractable.  As  a  min¬ 
imum,  we  should  be  able  to  find  the  MLEs 
without  resorting  to  numerical  methods.  Third, 
the  theory  of  estimation  and  testing  for  the 
model  should  be  well  developed.  Fourth,  the 
parameters  of  the  model  should  be  easily  inter¬ 
pretable. 

We  exclude  the  gamma  and  the  Weibull 
distributions  for  failing  to  have  the  second 
property.  The  MLEs  for  these  distributions  can 
not  be  found  explicitly,  and  require  numerical 
approximation.  The  distribution  for  the  MLEs 
is  not  tractable. 

The  log-normal  is  a  possible  model.  The 
distribution  of  the  MLE's  is  known,  and  paral¬ 
lels  the  standard  normal  distributions.  How¬ 
ever,  there  is  a  real  practical  difficulty  which 
arises  from  the  logarithmic  transformation  of 
the  data  necessary  to  conduct  statistical  testing. 
For  example,  statements  about  the  mean  of  the 
transformed  variable  are  not  statements  about 
the  mean  of  the  original  variable,  but  rather  the 
median  of  the  original  variable.  The  mean  of 
the  original  variable  is  a  function  of  both  the 
mean  and  variance  of  the  transformed  variable. 
A  direct  test  for  equality  of  means  of  the  orig¬ 
inal  variable  is  awkward  at  best.  Similarly, 
statements  about  the  variance  of  the  original 
variable  are  complicated  by  the  fact  that  it  is  a 
function  of  both  the  mean  and  variance  of  the 
transformed  variables. 

In  other  words,  the  estimation  and  hypoth¬ 
esis  testing  is  occurring  in  the  space  of  the 
transformed  model,  not  the  original  data. 

If  the  performance  measure  of  for  the 
model  is  the  In(LER),  then  this  poses  no  diffi¬ 
culties.  If,  however,  the  decision-maker  is  inter¬ 
ested  in  the  LER  as  the  performance  measure, 
then  the  correct  interpretation  of  the  results  of 
the  log-normal  model  is  complicated  by  the 
transformation  back  to  the  original  scale. 


As  a  second  objection,  we  will  show  shortly 
that  the  log-normal  does  not  fit  our  data  well. 

We  prefer  a  model  which  fits  well  and  does 
not  require  transformation,  so  that  the  param¬ 
eters  are  immediately  useful.  As  we  discuss  in 
the  next  section,  we  choose  the  inverse  gaussian 
distribution. 


Why  Inverse  Gaussian? 

The  inverse  gaussian  distribution  is  a  pos¬ 
itive  skewed  distribution  with  two  parameters, 
IJi  and  A:  [x  is  the  mean  of  the  distribution,  and 
A  is  a  shape  parameter.  The  MLEs  are  known 
and  the  distributions  of  the  MLEs  involve  only 
the  inverse  gaussian  distribution  and  the  Chi- 
squared  distribution.  Statistical  tests  for  equal¬ 
ity  of  /X  and  A  involve  only  the  f-distributions 
and  the  F-distributions. 

The  inverse  gaussian  distribution  fits  the 
data  sets  we  display  in  this  report  at  least  as 
well  as  the  log-normal.  The  difference  between 
the  two  is  in  the  behavior  of  the  right  tail, 
where  the  log-normal  tends  to  underestimate 
the  quantiles. 

For  example.  Figure  2  is  a  "QQ"  plot  of  the 
data  set  from  Figure  1  against  the  log-normal 
distribution.  Notice  that  the  data  set  is  more 
heavy  tailed  to  the  right  than  the  normal  quan¬ 
tiles  would  suggest.  Similarly,  Figure  3  shows 
that  the  histogram  for  the  transformed  data  is 
still  skewed  to  the  right.  Figure  4  shows  the 
density  for  the  inverse  gaussian  distribution 
with  MLEs,  and  this  model  fits  the  tails  better. 

The  graphical  evidence  in  Figures  2,  3,  and 
4  is  supported  by  more  formal  goodness  of  fit 
testing  using  the  Wilks-Shapiro  statistic. 

Of  course,  these  few  data  sets  hardly  con¬ 
stitute  conclusive  proof  that  the  inverse-gauss- 
ian  is  to  be  preferred  for  LER  modeling.  Such  a 
statement  would  have  to  be  supported  by  much 
more  extensive  analysis.  We  merely  argue  here 
that  the  inverse-gaussian  distribution  is  a  plau¬ 
sible  model  for  LER.  We  wish  to  explore  the 
implications  of  that  model. 

Accordingly,  we  make  the  assumption  for 
the  balance  of  this  paper  that  the  LER  data  set  is 
well  modeled  by  the  inverse  gaussian  distribu¬ 
tion,  with  parameters  given  by  the  maximum 
likelihood  estimates. 

We  mentioned  earlier  that  the  LER  is  de¬ 
pendent  on  the  point  of  view  of  the  modeler: 
the  inverse  LER  could  as  easily  be  the  subject  of 
the  model.  The  distribution  of  the  reciprocal  of 
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Figure  2.  A  ''QQ'  of  the  logarithm  of  the  WSMR  data  against  normal  quantiles. 
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Figure  3,  A  histogram  of  the  logarithm  of  the  WSMR  base  data  set.  A  non-parametric  smoothing  has  been 
applied  to  the  data.  Notice  that  the  data  set  is  still  skewed  to  the  right,  suggesting  that  the  log-normal  model 
may  be  inappropriate. 


an  inverse  gaussian  random  variable  is  known 
[Chhikara  and  Folks,  1989]  to  be  a  convolution 
of  another  inverse  gaussian  random  variable 
and  a  Chi-squared  random  variable  with  one 
degree  of  freedom.  In  other  words,  the  distri¬ 
bution  of  the  reciprocal  of  an  IG  random  vari¬ 
able  is  the  sum  of  a  second  IG  random  variable 
and  a  Chi-squared  random  variable.  This  sug¬ 
gests  that  the  IG  model  can  also  be  relatively 
well  fit  to  the  reciprocal  of  LER.  As  a  practical 
matter,  we  choose  to  work  with  the  point  of 
view  that  results  in  the  heavier  right  tail.  In 
most  models,  where  Blue  outperforms  Red,  this 
results  in  the  usual  LER.  We  follow  this  practice 
for  the  balance  of  the  paper. 

We  also  concede  that  the  model  sensitivity 
to  point  of  view  is  a  possible  argument  against 
the  use  of  the  inverse-gaussian  distribution  for 
LER  (and  against  the  Weibull  and  gamma  dis¬ 
tributions,  as  well.)  We  appeal  to  George  Box's 
dictum: 


"All  models  are  wrong,  but  some  are  use¬ 
ful."  and  proceed  to  demonstrate  utility. 

Estimation 

The  MLE  estimate  of  the  mean  of  the  IG 
distribution  is  the  sample  average  and  its  dis¬ 
tribution  is  /Lt  =  X  ~  IG(p.,  n  A).  This  allows  us 
to  construct  confidence  intervals  for  the  mean 
of  the  LER.  These  confidence  intervals  are  more 
accurate  than  ones  based  on  the  asymptotic 
application  of  the  law  of  large  numbers,  be¬ 
cause  the  data  set  is  more  heavy  tailed  than  the 
normal  distribution.  Application  of  the  stan¬ 
dard  X  ±  k  o"  results  in  an  unnecessarily  large 
confidence  interval  for  the  mean. 

The  shape  parameter  A  has  MLE  given  by 
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Figure  4.  Histogram  of  the  WSMR  base  data  with  best  fitting  IG  density. 


This  estimator  is  a  function  of  the  sufficient 
statistic  V  =  2"^i(l/Xi  -  1/X). 

The  distribution  of  V  ^  1/A  This  al¬ 
lows  confidence  intervals  to  be  constructed  for 
A  based  on  the  distribution. 

For  further  details,  the  reader  is  referred  to 
the  primer  in  the  appendix. 

The  key  point  is  that  the  distributions  of 
these  MLEs  involve  only  the  IG  itself  and  the 
distributions:  they  are  very  tractable.  The  actual 
estimates  are  easily  computed. 

Estimating  the  shape  parameter  seems  to 
be  particularly  noteworthy,  as  the  skewness 
and  variance  of  the  LER  are  not  routinely  re¬ 
ported.  The  variance  of  the  /G(jLt,  A)  distribution 
is  given  by  jut^/A,  so  as  the  shape  parameter 
increases,  the  variability  decreases. 

Closed  form  expressions  for  confidence  in¬ 
tervals  for  jUL  and  A  are  available  in  Chhikara 
and  Folks  [1989],  and  again  are  based  on  quan¬ 
tiles  of  standard  distributions. 


Impact  and  example 

These  confidence  intervals  are  narrower 
than  ones  based  on  the  asymptotic  normal  dis¬ 
tribution.  For  example,  consider  the  WSMR 
base  data.  A  95%  confidence  interval,  based  on 
a  standard  normal  distribution  approximation 
for  the  mean  which  follows  from  the  strong  law 
of  large  numbers,  we  obtain 

/It  G  (1.53895, 1.8568)  =  (fi  ±  1.96a/  f~n)  (2) 

Using  the  IG  model  and  the  formulas  given  in 
Section  9,  we  obtain  a  tighter  confidence  inter¬ 


val  for  fi,  which  also  recognizes  the  skew  na¬ 
ture  of  the  data: 

iULC  (1.56257,  1.85883)  (3) 

As  a  result,  we  have  a  more  precise  estimate  of 
the  mean,  given  the  available  data  and  the  as¬ 
sumed  model. 

We  obtain  similar  confidence  intervals  for 
the  A  parameter. 

We  mention  in  passing  that  we  are  averse 
to  confidence  intervals  for  the  mean,  preferring 
instead  to  assume  a  Bayesian  model  with  a 
non-informative  prior  distribution,  which  re¬ 
sults  in  probability  intervals  for  the  mean.  Such 
Bayesian  methods  are  also  outlined  in  Section 
9. 


HYPOTHESIS  TESTING 

The  uniform  most  powerful  unbiased  tests 
for  the  equality  of  two  inverse  gaussian  popu¬ 
lation  means  are  known.  We  consider  here  the 
case  where  neither  the  mean  nor  shape  param¬ 
eter  is  known.  References  for  the  other  cases  are 
in  Section  9. 

The  rejection  region  is  a  function  of  the 
sufficient  statistics  for  each  sample,  X  and  V, 
and  the  critical  points  are  given  by  the  i  distri¬ 
bution.  Details  are  given  in  the  primer  in  the 
appendix. 

The  uniform  most  powerful  test  for  the 
equality  of  the  shape  parameters  is  a  function  of 
the  sufficient  statistics  V  for  each  sample,  and 
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follows  the  F  distribution.  Again,  details  are  in 
the  primer. 

These  tests  allow  us  to  test  if  the  means  and 
shapes  of  two  samples  are  statistically  equiva¬ 
lent.  In  the  context  of  our  problem  of  compar¬ 
ing  the  output  of  two  combat  simulations,  they 
allow  us  to  test  the  hypothesis  that  the  outputs 
came  from  identical  processes. 

Moreover,  since  these  tests  arc  based  on 
well  fit  distributions,  they  are  more  powerful 
than  using  asymptotically  based  tests.  We  see 
in  the  examples  where  these  tests  allow  us  to 
show  statistically  different  results,  where  the 
asymptotic  methods  do  not. 

The  result  is  that  we  can  make  more  pow¬ 
erful  inference  based  on  the  simulations  we  do 
run,  which  saves  us  computational  expense  and 
results  in  more  efficient  use  of  the  simulations 
we  do  run.  For  large  simulations,  this  can  result 
in  significant  economies. 

Significance  tests  also  exist  for  one  sided 
and  two  sided  tests  for  the  mean  with  A  both 
kno^vn  and  unknown.  Significance  tests  also 
are  known  for  the  equality  of  A  with  the  mean 
both  known  and  unknown.  Additionally,  there 
are  two  sample  versions  of  the  above  tests. 
These  cover  the  usual  possibilities,  involve  only 
the  /G,  x^,  t,  and  F  distributions,  and  allow 
simple  implementation  of  exact  tests.  These 
tests  are  outlined  in  Chhikara  and  Folks  [1989]. 


Example 

Consider  the  WSMR  base  data.  We  wish  to 
test  the  hypothesis  that  /z  =  1.5  against  the  alter¬ 
nate  hypothesis  that  fi^]5  The  test  statistic, 
from  Section  9,  follows  the  /-distribution  with 
n-l  degrees  of  freedom.  We  have  79  data  points, 
so  our  critical  value  is  /^.rjt  =  l  .99045  at  the  0.05 
significance  level. 

We  compute  the  value  of  the  statistic  and 
obtain: 


-  1  (X  -  /Ip) 
F^.\XV 


3.032  >  1.99  (4) 


We  reject  the  hypothesis  that  /i  =  1.5.  This  ac¬ 
cords  with  the  results  of  our  previous  section, 
where  1.5  was  not  included  in  our  95%  confi¬ 
dence  interval  for  /i,  given  in  Equation  3. 


SEQUENTIAL  TESTING 

It  is  possible  to  test  if  the  means  of  two 
combat  models  are  equivalent  using  sequential 
methods.  In  these  methods,  one  docs  not  pre¬ 
determine  the  number  of  simulation  runs,  but 
rather  samples  until  one  can  make  a  decision. 
The  classic  method  is  the  sequential  probability 
ratio  test. 

Wald  conjectured  [Wald,  1947]  and  later 
proved  [Wald  and  Wolfowitz,  1948]  that  the 
sequential  probability  ratio  test  (5PRT)  is  opti¬ 
mal  for  deciding  between  two  point  hypotheses 
in  the  sense  that  the  expected  number  of  points 
sampled  before  a  decision  could  be  reached 
was  minimized  with  the  SPRT.  A  precise  state¬ 
ment  of  these  optimality  properties  of  the  SPRT 
in  a  decision  framework  can  be  found  in  [Fer¬ 
guson,  1967]. 

The  SPRT  considers 


.  J(XuX2 . X„|e,)  _  "  /(Xjo,) 

/(X„  x„  . . .  ,x,K)  ,il/(X;i6o)  ^  ^ 

where  f(x\0)  is  the  joint  or  marginal  density  as 
appropriate.  The  SPRT  accepts  if 

A,  accepts  if  B  and  otherwise 

continues  sampling.  This  is  illustrated  in  Figure 
5,  with  A  =  -3  and  where  the  null  hypoth¬ 
esis  would  have  been  rejected  at  observation 
number  4. 

In  practice,  we  work  with  the  log-likeli- 
hood,  or  ///(A,J,  which  results  in  a  cumulative 
sum.  We  accept,  reject,  or  continue  sampling 
based  on  the  value  of  this  cumulative  sum.  As 
we  have  written  it,  the  log-likelihood  ratio  will 
have  a  negative  expected  value  when  the  pro¬ 
cess  is  in-control.  When  the  process  is  well 
modeled  by  the  alternate  hypothesis,  the  log- 
likelihood  ratio  will  have  a  positive  expected 
value.  As  a  result,  when  the  process  is  in-con¬ 
trol,  the  sum  tends  downward.  When  the  pro¬ 
cess  is  out-of-control  at  the  alternative  distribu¬ 
tion,  the  sum  tends  upward.  When  the  sum  is 
above  a  certain  limit,  we  have  evidence  in  favor 
of  the  alternative  hypothesis.  When  the  sum  is 
below  a  certain  limit,  we  decide  in  favor  of  the 
null  hypothesis.  When  the  sum  is  in-between 
the  limits,  we  continue  to  sample. 

In  the  present  context,  we  would  apph^  the 
SPRT  as  follows.  We  would  first  have  our  esti- 
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Figure  5.  A  graphical  description  of  the  SPRT. 


mate  of  the  base  case  parameters,  which  would 
determine  6q.  We  would  then  select  the  shift  in 
the  parameter  for  which  we  desire  maximum 
sensitivity.  For  example,  say  our  estimate  of  the 
mean  for  the  base  case  was  /xo“1.69.  Say  further 
that  we  wished  maximum  power  to  detect  if  the 
mean  had  shifted  to  We  would  con¬ 

struct  the  SPRT  with  those  two  point  hypothe¬ 
ses,  and  sample  until  we  reached  a  conclusion. 

The  values  of  the  upper  and  lower  limits 
for  the  SPRT  are  set  after  considering  the  de¬ 
sired  performance  of  the  test  in  terms  of  type  I 
(a)  and  II  (j3)  errors.  Exact  methods  are  avail¬ 
able,  but  the  usual  approximation  is  to  set 
A=a/(l-i3)  andB=(l-a)/i3. 

By  using  sequential  methods,  one  is  guar¬ 
anteed  to  reach  a  decision,  and  to  do  so  in  the 
fewest  average  number  of  simulations.  This 
avoids  the  situation  where  one  runs,  say,  the 
usual  thirty  trials,  fails  to  reject  the  null  hypoth¬ 
esis,  yet  doesn't  know  if  5  more  trials  would 
have  resulted  in  the  rejection  of  the  null.  This 
approach  also  avoids  the  need  to  do  the  power 
calculations  discussed  next. 


NUMBER  OF  RUNS 

To  determine  the  number  of  simulation 
runs  necessary  to  detect  a  difference  of  param¬ 
eter  of  a  given  size  with  a  given  probability,  the 
usual  course  is  to  use  the  power  function  for  the 
test.  The  power  functions  for  the  inverse  gaus- 
sian  distribution  test  statistics  are  not  known, 
however,  because  the  non-central  distributions 
of  the  test  statistics  are  intractable.  In  this  sec¬ 
tion,  we  sketch  an  approximate  method  for  de¬ 
termining  the  number  of  simulation  runs  nec¬ 
essary. 

We  assume  that  we  have  historical  data  on 
the  current  model,  with  summary  statistics 
given  by  X.Vxr  and  rix-  This  corresponds  to  the 
knowledge  we  would  have  about  the  current 
model  after  rix  runs. 

First,  we  need  to  specify  two  models  and 
error  probabilities:  the  current  model,  the 
smallest  model  change  that  we  wish  to  detect, 
the  probability  of  type  1  error  (reject  the  null 
when  it  is  true)  and  the  probability  of  type  2 
error  (accept  the  null  when  it  is  false). 

For  example,  we  could  identify  our  current 
model  as  represented  by  the  WSMR  base  case 
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data.  VVc  want  the  probability  that  we  incor¬ 
rectly  say  that  the  model  has  changed,  when  it 
remains  constant,  to  be  less  than  5%.  We  desire 
to  be  95%  sure  that  we  detect  a  model  shift  to 
/i  =  2.00,  with  A  remaining  constant.  In  other 
words,  we  want  o  =  0.05,  ^  =  0.05.  How  many 
trials  should  be  run? 

Our  setup  consists  of  two  samples,  one 
known  and  one  to  be  drawn.  Here  the  known 
sample  is  the  WSMR  data.  We  want  to  know 
how  large  the  sample  should  be  for  the  one 
remaining  to  be  drawn. 

Under  the  null  hypothesis  that  the  means 
are  equivalent,  the  distribution  of  the  test  sta¬ 
tistic  T  given  by  Equation  13  is  known  to  have 
the  f  distribution.  As  a  result,  we  can  compute 
our  critical  value  for  the  test  statistic.  For  the 
WSMR  data,  with  its  large  sample  size,  we  can 
approximate  the  critical  value  by  2.00,  regard¬ 
less  of  the  size  of  the  second  sample. 

Under  the  alternate  hypothesis,  =  2.00. 
We  can  draw  samples  of  size  u  repeatedly, 
compute  T,  and  find  the  approximate  probabil¬ 
ity  that  This  gives  us  an  empirical  esti¬ 

mate  for  /3,  the  probability  that  we  don't  detect 
the  model  shift  to  /i  =  2.00  when  it  has  occurred. 

Routines  for  these  simulations  are  easily 
implemented.  One  such  LISP  implementation 
is  available  from  the  author. 


Example 

We  return  to  the  WSMR  base-case  data. 
How  many  runs  do  we  need  to  make  to  be  95% 
sure  to  detect  a  change  this  large? 

We  set  h  =  200.  Of  a  thousand  trials,  977 
have  a  value  of  T  greater  than  2.00.  We  set 
??-180.  Then  965  of  a  thousand  trials  have  a 
value  of  T>2.  We  set  ;;  =  150,  and  find  937  of  a 
thousand  trials  have  a  value  of  T>2.00.  We 
could  apply  a  bisection  method  or  a  simple 
interpolation  to  find  that  we  need  to  set  7/  165 

to  achieve  our  desired  design. 

We  note  that  these  simulations  take  a  few 
minutes  to  run  on  a  personal  computer,  but  are 
much  quicker  than  the  corresponding  JANUS 
or  CASTFOREM  simulations. 

We  bel  ieve  that  the  simulation  community 
is  generally  unaware  of  the  large  number  of 
simulation  runs  required  to  have  high  power 
for  hypothesis  tests  when  the  underlying  dis¬ 
tribution  is  as  variable  and  skew  as  the  distri¬ 
bution  of  LER. 


EXAMPLES 

We  present  two  short  examples  to  support 
the  ideas  in  this  report.  The  first  data  set  was 
provided  by  Mr.  Dave  Durda  of  TRAC-WSMR, 
and  is  called  the  WSMR  data  throughout  this 
paper.  The  second  was  provided  by  Mr.  Tom 
Herbert  of  the  RAND  corporation,  and  is  called 
the  RAND  data. 


WSMR 

TRAC-WSMR  is  responsible  for  stochastic 
combat  simulation  models.  One  of  their  models 
is  CASTFOREM.  There  has  been  discussion  re¬ 
cently  about  adjusting  the  way  that  CAST¬ 
FOREM  assesses  damage  to  systems  repre¬ 
sented  in  the  model.  One  proposal  was  to 
model  degraded  states,  where  instead  of  a  sys¬ 
tem  having  a  binary  state  space  ("killed"  or 
"not  killed"),  the  system  could  take  on  one  of 
several  states  representing  reduced  capability. 

Three  new  types  of  rules  were  proposed, 
along  with  one  base  case.  We  call  them  the  base 
case,  and  cases  one  through  three.  There  was 
interest  in  whether  or  not  these  different  rules 
affected  the  performance  of  CASTFOREM,  and 
if  so,  by  how  much. 

We  were  provided  with  the  results  of  260 
simulations  of  the  different  rules  in  CAST¬ 
FOREM  using  a  standard  scenario.  The  base 
case  and  cases  two  and  three  were  run  80  times 
each  through  the  standard  scenario.  The  first 
base  case  was  only  run  20  times.  We  call  the 
base  case  data  set  "WSMR",  the  old  rule  data 
set  "WSMRl",  and  the  data  sets  from  the  two 
other  methods  "WSMR2"  and  "WSMR3". 

Boxplots  for  the  LERs  from  the  simulation 
for  each  of  the  models  are  in  Figure  6.  We  see 
immediately  from  the  boxplots  that  the  old 
rules  clearly  produce  different  results  from  the 
three  new  rules;  the  graphical  evidence  is  com¬ 
pelling  and  sufficient.  We  move  on  to  the  ques¬ 
tion  of  whether  or  not  the  three  new  methods 
produce  similar  results. 

The  data  sets  were  each  found  to  be  well 
modeled  by  the  IG  distribution. 

We  compute  the  confidence  interx'als  for 
the  means  of  WSMR,  WSMR2  and  WSMR3,  and 
obtain: 

(1.5635,  1.858)  (6) 

/x.vsAfR.G  (1.410,  1.667)  (7) 
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Figure  6.  Boxplot  of  the  four  WSMR  data  sets.  From  left  to  right,  they  are  the  base  case,  the  old  binary  rules, 
and  two  modifications  to  the  base  case.  Source:  White  Sands  Missile  Range,  1996. 


A^wsmrs  ^  (1-3833,  1.6408)  (8)  RAND 


It  appears  from  the  confidence  intervals 
that  the  WSMR2  and  WSMR3  means  are  indis¬ 
tinguishable.  Can  they  be  distinguished  from 
the  base  case? 

Applying  the  two  sample  test  developed 
earlier,  we  find  that  WSMR  and  WSMR2  are  not 
statistically  significantly  different,  as  the  value 
of  the  resulting  t  statistic  is  only  f= 1.7468.  The 
test  for  equality  of  means  between  WSMR  and 
WSMR3,  however,  has  a  t  statistic  value  of 
f= 2.071,  which  is  significant  at  the  0.05  level. 
We  conclude  that  the  WSMR3  set  of  rules  for 
degraded  states  has  a  statistically  significantly 
different  impact  on  LER  than  the  WSMR  rules. 

We  note  in  conclusion  here  that  if  we  na¬ 
ively  apply  the  two  sample  t  test  which  would 
follow  from  the  inappropriate  assumption  that 
WSMR  and  WSMR3  were  normally  distributed, 
or  from  an  asymptotic  approximation  based  on 
an  application  of  the  law  of  large  numbers,  we 
would  obtain  f=1.62,  and  we  would  not  detect 
the  model  differences.  Our  methods  are  more 
powerful  than  the  asymptotic  normal  approxi¬ 
mation. 


We  have  a  second  group  of  data  sets,  pro¬ 
vided  by  RAND.  This  data  came  from  trials  of 
the  effects  of  a  new  weapon  system.  Three  sce¬ 
narios  were  run.  In  the  base  case,  a  blue  battal¬ 
ion  task  force  attacked  a  defending  red  battal¬ 
ion  task  force.  In  the  second  case,  the  attackers 
were  augmented  with  a  new  weapons  system. 
In  the  third  case,  the  attackers  were  augmented 
with  two  new  weapons  systems.  The  simula¬ 
tors  sought  to  demonstrate  that  the  LER  was 
significantly  better  (from  the  blue  point  of 
view)  with  the  new  weapons  systems. 

RAND  conducted  thirty  runs  of  each  case. 

Boxplots  for  the  three  cases  are  presented 
in  Figure  7.  From  the  boxplots,  we  see  again 
that  no  formal  statistics  are  necessary  to  see  that 
the  new  weapons  systems  help  the  blue  force. 
We  can  obtain  confidence  intervals  for  jit  and  A 
to  emphasize  the  point. 

We  prefer  to  dwell  on  a  different  point: 
despite  the  difference  in  combat  simulations 
between  JANUS  and  CASTFOREM,  both  pro¬ 
duce  distributions  of  LER  which  are  well  mod¬ 
eled  by  the  inverse  gaussian  distribution.  We 
present  some  graphical  evidence  in  Figures  8,  9 
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Figure  7.  Boxplols  for  the  RAND  data.  Source: 
RAND  Corporation,  1996. 


and  10.  Formal  testing  using  Wilks-Shapiro 
and  Kolmogorov-Smirnov  tests  supports  this 
graphical  evidence. 

CONCLUSIONS  AND 
RECOMMENDATIONS 

This  is  a  quick  summary  of  the  main  points 
of  this  paper. 

Conclusions 

•  The  inverse  gaussian  distribution  fits  well 
the  LER  data  from  JANUS  and  CASTFOREM 
presented  in  this  paper. 

•  The  inverse  gaussian  distribution  provides  a 
complete  theory  of  estimation,  hypothesis 
testing,  and  design  of  simulation  studies  for 
the  use  of  the  analyst.  This  theory  is  largely 
based  on  standard  distributions,  such  as  the 
t,  normal,  and  distributions,  which  are 
accessible  to  analysts. 

•  Methods  based  on  the  inverse  gaussian  dis¬ 
tribution  are  more  powerful  for  analysis  of 
LER  problems  than  methods  based  on  as¬ 
ymptotic  normality. 


LER  -  Hod«l  1 


Figure  8.  Histogram  of  the  first  RAND  data  set 
with  fitted  JG  density. 
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LER  -  Hc.d«l  2 

Figure  9.  Histogram  of  the  second  RAND  data  set 
with  fitted  IG  density. 
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LER  -  Model  0 

Figure  10.  Histogram  of  the  third  RAND  data  set 
with  fitted  IG  density. 

•  Using  the  methods  of  this  paper,  it  is  possi¬ 
ble  to  easily  and  accurately  approximate  the 
number  of  simulation  runs  necessary  to  de¬ 
tect  a  change  in  the  mean  or  shape  of  the 
distribution  of  LER  results. 

Recommendations 

The  inverse  gaussian  distribution  presents 
a  powerful,  tractable  model  for  the  distribution 
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of  LER  from  combat  simulations.  This  model 
allows  increased  power  and  precision,  and 
should  be  considered  for  use  when  those  prop¬ 
erties  are  desirable. 

Further  applications  of  this  model  should 
be  studied.  One  promising  area  is  the  develop¬ 
ment  of  regression  models  which  predict  the 
LER  for  a  given  level  of  JANUS  or  CAST- 
FOREM  parameter  associated  with  some  sys¬ 
tem  capability.  This  could  allow  the  acquisition 
community  to  decide  on  a  desired  level  of  ca¬ 
pability  before  setting  specifications  for  sys¬ 
tems  procurement  and  design.  In  particular, 
regression  models  based  on  the  inverse  gauss- 
ian  distribution  with  several  predictors  seem 
fruitful  for  future  study. 

A  second  question  for  study  is  an  expanded 
examination  of  the  distribution  of  simulated 
LER  data  sets.  This  paper  is  a  first  attempt  to 
find  answers  to  that  question. 


A  SHORT  PRIMER  ON  THE  INVERSE 
GAUSSIAN  DISTRIBUTION 

This  section  contains  the  technical  results 
referenced  in  the  main  body,  and  background 
on  the  inverse  gaussian  distribution  for  those 
who  may  be  unfamiliar  with  it. 

The  inverse  gaussian  distribution  has  its 
genesis  in  the  analysis  of  Brownian  motion. 
Following  Chhikara  and  Folks  [1989],  we  char¬ 
acterize  the  Wiener  process  X{t)  with  drift  v  and 
variance  as  follows: 

1.  X{t)  has  independent  increments;  for  ti  < 
^2  <  ^3  <  we  have  X{t2)  -  X(t-i)  indepen¬ 
dent  of  X(t^)  -  X(t^) 

2.  X(^2)  “  X(ti)  is  normally  distributed  with 
mean  v{t2  ~  t^)  and  variance  o^{t2  -  t^),  with 
^2  ^ 

Schroedinger  [1915]  first  showed  that  the 
distribution  of  the  first  time  until  the  process 
X{t)  >  a  for  V  >  0,  a  >  0  was  inverse  gaussian. 
See  Figure  11  for  an  illustration. 

This  characterization  of  the  inverse  gauss¬ 
ian  is  useful  for  many  military  applications. 
Many  processes,  such  as  decision  times,  times 
to  complete  a  mission,  and  times  to  failure,  can 
be  well  modeled  by  passage  times  of  Brownian 
motion  with  drift. 

We  have  seen  how  the  attrition  of  forces  in 
a  military  model  can  be  approximately  mod¬ 
eled  by  the  inverse  gaussian  distribution. 


Figure  11.  First  passage  time  illustration  for 
Brownian  motion  with  drift. 


The  inverse  gaussian  distribution  is  also 
useful  for  modeling  of  positive,  skewed  pro¬ 
cesses  in  general,  even  when  the  underlying 
mechanics  do  not  immediately  suggest  a  theo¬ 
retical  basis  for  Brownian  motion  passage 
times. 

The  reader  may  notice  a  striking  similarity 
between  Figures  5  and  11.  Wald  [1944,  1945, 
1947]  showed  that  the  distribution  of  the  stop¬ 
ping  times  in  the  SPRT  with  lower  limit  b  =  —  oo 
and  upper  limit  a  was  approximately  distrib¬ 
uted  as  inverse  gaussian.  Since  the  stopping 
times  for  the  SPRT  are  discrete  random  vari¬ 
ables  and  the  inverse  gaussian  is  a  continuous 
random  variable,  the  two  distributions  can  only 
be  approximately  equal. 


Well  Known  Properties 

In  this  section,  we  list  several  well  known 
results  about  the  inverse  gaussian  distribution, 
which  later  prove  useful. 


PDF 

The  probability  density  function  (pdf)  for 
X  ‘  /G(^,  A)  is 


fix;  /X,  A)  = 


A(x  -  ja)^\ 
/ 


X  >  0  (9) 


Several  density  curves  for  various  values  of 
fx  and  A  can  be  seen  in  Figures  12  and  13. 
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Figure  12.  A  sheaf  of  /G(fx,  1)  densities  for  /x  =  .5,  1,  15,  2,  5,  and  10. 

From  this,  it  follows  that  the  mean  of  X  is  /x  and 
the  variance  of  X  is 

Member  of  the  Exponential  Family.  The  in¬ 
verse  gaussian  distribution  is  known  to  belong 
to  the  exponential  family  of  order  two.  Let  6  = 
A/ fJL^.  Then  the  pdf  can  be  expressed  as 

fix;  A,  6)  =  exp(A0/2)x"'^'^ 

•exp|-l(J-+ e.v))  (11) 

which  is  of  the  natural  exponential  family 

c{x)die)expiaix)-bie)) 

with  ^(O)  =  0  =  (A,  6)  and  a{x)  =  ~~ll2{x~\ x). 

Accordingly,  for  a  random  sample  X  from 
the  inverse  gaussian,  the  two  dimensional  sta¬ 
tistic  (XX,  X(X“’))  is  complete  and  minimal 
sufficient. 

MLEs  of  Parameters  and  Their  Distribution. 

For  a  random  sample  Xj,  X2,  . . .  ,  X„  where  X, 


CDF 


The  cumulative  distribution  function  for 
X  --  /G(/x,  A)  is 


where  ihe  CDF  of  the  standard  normal 

distribution.  [Chhikara  and  Folks,  1989] 

First  Passage  Time  Interpretation.  It  is  well 
known  (Chhikara  and  Folks,  1989]  that  for  a 
Wiener  process  with  positive  drift  {v  >  0)  the 
first  passage  time  to  the  barrier  is  inverse  gaus¬ 
sian  /G(/jl,  A),  with  fi  ~  (a  -  X((/>))/  v  and  A  = 
{a  -  X{6)fla^. 

Characteristic  Function  and  Moments.  The 
characteristic  function  for  X  /G(/x,  A),  = 

E  (cxp(/X0).  is 
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Figure  13.  A  sheaf  of  /G(5,  A)  densities  for  A  =  1,  2,  5,  10,  and  25. 


~  IG{fji,  A),  the  likelihood  function  is 


L(jLA,A) 


t  = 


-AE 


I 


nite  first  and  second  moments.  Then  and 
-  n^(EXj-)”^  are  independently  distrib¬ 
uted. 

Tweedie  showed  in  his  proof  that  X  ~ 
n\).  He  defined 


and  the  maximum  likelihood  estimators  of  /x 
and  A  are  easily  seen  to  be 


”  /  1  1 
v= 


(12) 


ji  =  X 


and 


These  estimators  were  obtained  by  Schroedinger 
[1915]. 

The  distribution  of  these  estimators  is  also 
known.  Tweedie  [Tweedie,  1957a  and  1957b] 
proved  the  following  results. 

Let  Xi,  X2,  . . .  ,  be  independent  identi¬ 
cally  distributed  as  inverse  gaussian  with  fi- 


and  also  proved 


Related  Distributions.  Assume  we  have  two 
inverse  gaussian  processes,  X  and  Y,  with  com¬ 
mon  but  unknown  scale  parameter  A.  Chhikara 
[1975]  derived  the  uniformly  most  powerful 
unbiased  (UMP-unbiased)  test  for  the  equality 
of  the  two  process  means.  We  test  the  hypothesis 

Ho'.fx  =  V  versus  Hiiju  9^  v 
We  draw  a  sample  from  each  population.  The 
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rejection  region  is  given  by 

-  2)(X  -  Y) 

\T\  =  -  -  ^  - 

>^xy(HiX  +  +  ^2) 

^  o/  2.MJ  *  n:  2 


If  one  considers  instead  a  diffuse  prior  for 
the  parameters,  the  predictive  distribution  for 
the  next  observation  given  a  series  of  observa¬ 
tions  from  the  inverse  gaussian  is  known  and 
due  to  Chhikara  and  Guttman  [1982].  The  prior 
used  is 


|7i  has  the  folded  f  distribution  with  -f 
ti2  ”  2  degrees  of  freedom,  a  result  reported  in 
Chhikara  and  Folks  [1989].  Note  that  the  ex¬ 
pression  in  Equation  6.31  of  Chhikara  and  Folks 
[1989]  is  incorrect;  the  expression  in  Equation 
13  is  correct. 

Let 

y:  _  W  -  = 

'  "  ■  Xm' 

Then 


/;(•/;,  A)  A-', 

Then  let  x  =  |.v,,  ,  a„)  be  ii  independent 

observations  from  A),  and  Y  be  an  addi¬ 

tional  observation  taken  independently  of  x. 
For  1/  >  0, 

//(y|x) 


a'A 

1/2 

'1+ 

(h.v  -t-  i/)y\ 

.vi/(Hr  + }/) 

AY= 


Ai 


where 


that  is,  AV^  has  the  chi-square  distribution  with 
one  degree  of  freedom.  [Chhikara  and  Folks, 
1989].  ' 

Let  XV  X. _ X„^  and  Yj,  Y.,  . . .  ,  Y„,^  be 

independent  random  samples  from  /G(/x,  A). 
Let 


(14) 


and  let  Vy  be  similarly  defined.  Then  it  follows 
from  its  form  as  the  ratio  of  two  independent 
random  variables  and  is  well  known  [Chhikara 
and  Folks,  1989]  that 


(//,  -  l)\V 

(HX-  1)\V 


(15) 


where  F,.  |  is  the  standard  F  distribution 

with  ^  ~  1  degrees  of  freedom. 

Predictive  Distribution  for  Non-Informative  Prior, 
To  obtain  natural  conjugate  priors,  it  is  advan¬ 
tageous  to  reparameterize  the  distribution.  This 
poses  no  logical  difficulty  in  the  predictive 
framework,  where  the  parameters  will  be  inte¬ 
grated  out  in  the  process.  The  parameterization 
we  use  sets  li/  =  1  /  and  is  due  to  Tweed ie. 

Lacking  data,  one  would  often  prefer  a 
non-informative  prior  distribution.  Jeffrey's 
prior  sets  p(i//,  A)  ^  A)|.  Unfortunately, 

this  f>rior  produces  a  posterior  which  is  not  a 
proper  distribution  [Chhikara  and  Folks,  1989]. 


S,  „  denotes  the  Student's  t  cumulative  distribu¬ 
tion  function  with  u  degrees  of  freedom,  and 

xi/iiix  +  y) 

Note  that  the  expression  given  in  Equation 
17  for  k  is  correct,  and  rectifies  an  existing  un¬ 
noticed  error  in  both  the  Tcchuomcfrics  article  by 
Chhikara  and  Guttman  [1982]  and  the  Chhikara 
and  Folks  monograph  [1989]. 

As  an  example,  consider  the  following  5 
observations  from  an  IG(iir  A)  distribution,  with 
/X  and  A  unknown:  {.Vi  =  3,  as  =  4,  A'3  =  6,  a'4  = 
3.5,  J5  =  2.5).  Then  the  graph  of  the  predictive 
density  for  the  next  observation  can  be  seen  in 
Figure  14. 

Predictive  limits  for  Y  can  be  obtained  by 
solving  the  appropriate  integral  equation  using 
//(i/|x).  To  find  the  lower  predictive  limit,  /(x), 
given  the  data  x,  for  the  next  observation  with 
probability  a/ 2,  we  solve  numerically  the  inte¬ 
gral  equation: 


r/u>  ^ 

h(i/\x)dx/  =  2  (18) 
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and  similarly  for  the  upper  predictive  limit, 
u(x). 

Olwell  [1996]  derived  the  more  general 
joint  predictive  distribution  for  the  next  m  ob¬ 
servations,  given  the  first  n,  below.  Olwell 
[1996]  also  derived  tighter  predictive  limits. 

Modeling  Advantages  Over  Other  Skewed  Distri¬ 
butions.  There  are  three  major  advantages  to 
using  the  inverse  gaussian  distribution  to 
model  skewed  data.  The  first  is  an  appeal  to  the 
underlying  physical  properties  of  the  process 
being  modeled.  The  second  discusses  the  no¬ 
tion  of  failure  rates,  and  their  asymptotic  be¬ 
havior.  The  third  is  based  on  the  tractability  of 
the  sampling  distribution  of  the  inverse  gauss¬ 
ian.  We  discuss  each  of  the  three  in  turn. 

If  the  underlying  process  can  be  thought  of 
as  a  Wiener  process,  then  the  use  of  the  inverse 
gaussian  seems  especially  appropriate.  The 
time  to  failure  of  a  complex  system  may  de¬ 
pend  on  the  accumulated  additive  effects  of 
many  small  perturbations.  Compare  this  with 
the  log-normal  distribution,  whose  application 
to  modeling  depends  on  multiplicative  effects. 


which  are  often  difficult  to  defend  from  first 
principles. 

Secondly,  consider  the  failure  rate,  r(f)  of  a 
system  as  a  function  of  time.  We  define 

1  -  Fit)' 

where  r(t)  denotes  the  instantaneous  rate  of 
failure  for  a  process  conditional  on  its  having 
lasted  a  certain  time.  For  a  Poisson  process  with 
time  to  failure  modeled  by  the  exponential  dis¬ 
tribution  with  parameter  A,  r{t)  =  A;  a  constant 
failure  rate. 

The  assumption  of  constant  failure  rate  is 
rather  strong.  Some  applications  call  for  a 
monotonic  failure  rate:  some  with  an  increasing 
failure  rate  (IFR);  others  for  a  decreasing  failure 
rate  (DFR).  For  these,  it  is  possible  to  use  the 
Weibull  distribution,  with  density /(f,  a,  jS)  = 
a/3-“  exp(-(x/pr),  (x,  a,  j8  >  0).  Then  r{t)  = 
and  is  decreasing  for  a  <  1  and 
increasing  for  a  >  1. 
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In  many  situations  which  arc  characterized 
by  a  '"burn  in"  process,  it  seems  appropriate  to 
have  an  initially  increasing  then  decreasing  fail¬ 
ure  rate  [Chhikara  and  Folks,  1977]. 

An  initially  IFR  then  DFR  process  is  often 
modeled  by  the  log-normal  distribution.  For 
such  a  process. 

This  failure  rate  is  non-monotonic;  increasing 
then  decreasing  asymptotically  to  zero.  For 
many  reliability  situations,  this  asymptotic  fail¬ 
ure  rate  of  zero  seems  illogical. 

An  alternate  model  uses  the  inverse  gaus- 
sian  process.  Its  failure  rate  is  given  by: 


fit) 

-  Fit) 


(19) 


(20) 


This  failure  rate  is  also  non-monotonic,  initially 
increasing  then  decreasing.  However,  its  as¬ 
ymptotic  failure  rate  is  given  by 


It  is  easily  shown  that  the  maximum  value  of 
r{t)  occurs  at  the  value  t*  which  is  the  solution 
to  the  equation 

A  3  A 
r{t)  -  2^2  +  Yf  -  2,2 

and  the  maximum  failure  rate  is  r{t*). 

This  provides  a  strong  argument  for  using 
the  inverse  gaussian  over  the  log-normal  distri¬ 
bution  to  model  lifetimes.  It  is  hard  to  conceive 
of  physical  processes  where  the  failure  rate 
would  decrease  to  zero. 

The  third  argument  for  using  the  inverse 
gaussian  is  that  the  sampling  distribution  of  the 
MLEs  of  the  parameters  are  known  and  easy  to 
work  with,  as  above.  Using  the  inverse  gauss¬ 
ian  avoids  the  need  to  transform  the  data  prior 
to  finding  MLEs,  as  is  the  case  with  the  log¬ 
normal  distribution. 
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ABSTRACT 

he  Analytic  Hierarchy  Process  (AHP) 
attempts  to  find  out  the  'best'  alter¬ 
native  from  several  ones  by  consider¬ 
ing  a  number  of  conflicting  criteria.  Despite 
its  potential  for  solving  a  wide  range  of 
multiple  criteria  decision  making  prob¬ 
lems,  there  has  been  criticisms  regarding 
the  labor  in  filling  out  pairwise  comparison 
matrices,  particularly  for  large  size  prob¬ 
lems.  Even  for  a  medium  size  problem, 
AHP  requires  a  large  number  of  pairwise 
comparisons  to  form  a  pairwise  compari¬ 
son  matrix.  To  overcome  this  difficulty,  the 
present  paper  experimentally  investigates 
Saaty's  suggestion  of  clustering  alterna¬ 
tives.  For  the  experimental  purposes,  the 
problem  of  choosing  the  best  transport  air¬ 
craft  from  several  ones  has  been  considered. 

Key  Words:  Multicriteria  Analysis,  An¬ 
alytic  Hierarchy  Process,  Large-scale  Prob¬ 
lems. 

1.  INTRODUCTION 

The  Analytic  Hierarchy  Process  struc¬ 
tures  any  complex,  discrete  multi-criteria 
decision  making  (MCDM)  problem  hierar¬ 
chically.  The  overall  objective  of  the  deci¬ 
sion  is  placed  at  the  top  level  of  the  hierar¬ 
chy  and  the  criteria,  subcriteria  and  the 
decision  alternatives  on  each  descending 
level.  After  structuring  the  hierarchy,  pair¬ 
wise  comparisons  among  the  elements  be¬ 
longing  to  a  level  with  respect  to  an  ele¬ 
ment  belonging  to  immediately  higher 
level  are  performed  in  order  to  find  out 
their  local  priority  weights.  The  global 
weights  of  the  alternatives  are  obtained  by 
synthesizing  the  local  weights  from  each 
level  of  the  hierarchy.  The  detailed  alge¬ 
braic  treatment  of  AHP  is  available  in  Saaty 
(1990a) 

Since  its  introduction,  AHP  has  been 
extensively  used  in  private,  public,  indus¬ 
try,  and  various  governmental  sectors.  In  a 
review  paper,  Vargas  (1990)  has  mentioned 
more  than  thirty  five  fields  in  which  AHP 
has  been  applied.  The  other  two  review 
papers  (Xu,  1986;  Zahedi,  1986)  are  also 
noteworthy. 

AHP  has  been  so  popular  perhaps  for 
the  following  reasons  : 
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•  its  ability  to  handle  inconsistency  in 
judgments, 

•  its  ability  to  incorporate  intangible  or 
non-quantifiable  criteria  in  the  decision 
making  process,  and 

•  its  ease  of  use. 

Despite  its  advantages  as  a  powerful 
MCDM  methodology,  a  major  drawback  in 
the  use  of  AHP  is  the  amount  of  work 
required  to  make  all  the  necessary  pairwise 
comparisons.  For  example,  if  we  have  a 
problem  of  determining  overall  weights  of 
10  alternatives  with  respect  to  5  criteria, 
then  a  total  of  235  comparisons  must  be 
made.  In  realistic  situations,  this  number 
may  be  quite  large.  Harker  (1987a,  1987b) 
presented  two  possible  remedies  to  reduce 
the  labor  in  filling  out  the  matrices.  But  in 
course  of  reducing  comparisons,  his  incom¬ 
plete  pairwise  comparison  matrix  tech¬ 
nique,  in  turn,  invokes  computations  of  de¬ 
rivatives  which  is  also  arduous  for  a  large 
size  problem.  Millet  and  Harker  (1990)  ex¬ 
tended  Harker's  (1987b)  'stopping  rule' 
technique  by  introducing  a  'global  stop¬ 
ping  rule'.  Lim  and  Swenseth  (1993)  pre¬ 
sented  an  iterative  procedure  in  order  to 
reduce  the  number  of  pairwise  compari¬ 
sons.  In  some  sense,  this  iterative  technique 
is  also  a  'stopping  rule'  technique.  Weiss 
and  Rao  (1987)  presented  a  balanced  in¬ 
complete  block  design  (BIBD)  technique  in 
order  to  reduce  the  number  of  compari¬ 
sons.  But  this  approach  is  not  practically 
efficient  because  of  its  inherent  complexity. 

In  this  connection,  Saaty's  suggestion 
(1990b)  of  clustering  alternatives  into 
groups  according  to  a  common  attribute 
appears  to  be  more  appropriate.  But  so  far 
no  work  has  been  done  to  verify  its  appli¬ 
cability.  This  paper  intends  to  fill  up  this 
gap.  In  Section  2,  we  have  described  the 
idea  of  clusterization  in  an  algorithmic 
form.  In  order  to  show  the  applicability  of 
the  clustering  procedure,  we  have  consid¬ 
ered  the  problem  of  choice  of  the  best  trans¬ 
port  aircraft  from  several  ones  based  upon 
a  number  of  criteria.  The  problem  has  been 
solved  by  traditional  AHP  and  by  the  clus¬ 
tering  procedure.  The  clustering  procedure 
may  be  called  Clustered  AHP.  The  results 
of  the  two  methodologies  are  compared 
and  illustrated  in  Section  3.  From  the  pub¬ 
lished  AHP  literature,  we  have  considered 
five  other  problems  (Arbel,  1983;  Saaty,  1979; 
Saaty  and  Gholamnezhad,  1982;  Sinuany- 
Stem,  1988;  Vachnadze  and  Markozashvili, 
1987)  and  solved  them  by  the  clustering  pro¬ 
cedure.  The  results  are  compared  wifii  the 
actual  results  in  Section  4.  Concluding  re¬ 
marks  are  provided  in  Section  5. 
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2.  Procedure  for  clustering 
alternatives 

It  has  been  mentioned  that  for  a  large  num¬ 
ber  of  alternatives,  the  task  to  complete  all  the 
necessar)'  pairwise  comparisons  among  the  al¬ 
ternatives  may  be  quite  tedious.  The  need  for 
reducing  the  number  of  pairwise  comparisons 
is  two-fold  : 

•  to  minimize  the  labor  and  time  in  construct¬ 
ing  pairwise  comparison  matrices,  and 

•  to  obtain  greater  consistency. 

In  order  to  reduce  the  number  of  comparisons, 
Saaty  (1990b)  suggested  a  clustering  technique 
which  is  valid  when  the  number  of  alternatives 
is  quite  large  (more  than  seven),  say  20,  and 
evaluation  scores  of  alternatives  on  the  criteria 
are  widely  dispersed.  In  the  following,  the  tech¬ 
nique  is  presented  in  an  algorithmic  form  : 

Step  1:  Construct  the  decision  hierarchy  of  in¬ 
ter-related  decision  elements  by  break¬ 
ing  down  the  decision  problem  at  hand. 
Step  2:  Adopting  some  (subjective)  suitable 
scale,  obtain  absolute  ranking  of  all  the 
alternatives  with  respect  to  a  certain 
criterion. 

Step  3:  Make  clusters  of  alternatives  having 
closure  magnitudes.  Each  cluster  con¬ 
sists  of  atmost  's'  elements.  The  small¬ 
est  element  of  the  largest  cluster  is  in¬ 
cluded  as  the  largest  element  in  the 
next  cluster  and  so  on. 

Step  4:  Find  the  priority  weights  of  all  the  al¬ 
ternatives  belonging  to  each  of  the  clus¬ 
ters.  To  pull  together  and  make  com¬ 
mensurate  of  the  weights  of  the 
alternatives,  divide  the  relative  weights 
of  all  the  elements  in  the  second  cluster 
by  the  weight  of  the  common  element 
and  then  multiply  by  its  weight  in  the 
first  cluster.  Repeat  the  process  for  the 
remaining  clusters.  Steps  2,  3,  and  4  are 
to  be  repeated  for  all  the  criteria. 

Step  5:  Obtain  the  global  ranking  of  all  the  al¬ 
ternatives  by  applying  the  UvSual  prin¬ 
ciple  of  hierarchical  composition. 

Theorem  1:  In  the  clustering  procedure,  the 
maximum  number  of  pairwise  comparisons 
necessarj'  for  a  discrete  choice  problem  involv¬ 


ing  n  alternatives  is  given  by 

[s(»  -  1)  +  pip  -  s  +  l)]/2, 

assuming  not  more  than  's'  elements  are  com¬ 
pared  simultaneously  and  p  (1  <  p  <  s-1)  is  the 
number  of  elements  in  the  last  cluster. 

Proof  :  Let  ^2/  •  •  •  /  ^he  m  clusters 

obtained  by  decomposing  the  set  of  n  alterna¬ 
tives.  The  mth  cluster  consists  of  only  p  alter¬ 
natives,  where  1  <  p  s-1.  The  first  cluster 
contains  s  elements.  Then  each  of  the  remaining 
contains  s-1  elements.  One  alternative  from  the 
first  cluster  is  to  be  added  to  the  second  cluster, 
and  one  from  the  second  cluster  to  the  third 
cluster,  and  so  on,  thereby  making  sizes  of  the 
pairwise  comparison  matrices  s  (except  the  last 
one,  where  p  <  -  1). 

The  number  of  clusters  consisting  of  ex¬ 
actly  s-1  elements  is  equal  to  m  -  2,  which 
implies 

s  4-  (s  -  l)(m  -  2)  +  p  - 
or, 

m  -  2  =  (u  -  s  -  p)l{s  -  1) 

Hence,  the  maximum  number  of  pairwise  com¬ 
parisons  necessary  is 

[{n  -  s  -  p)/{s  -  1)  +  1]  X  s(s  -  l)/2 

+  (p  +  Dp/  2  =  [sin  -  1)  +  pip  -  s  +  1)]/  2 

Corollary  1:  The  minimum  number  of  pairwise 
comparisons  saved  is  given  by 

[(h  -  !)(;/  -  s)  -  pip  “  s  +  1)]/  2 

where  n  is  the  total  number  of  alternatives  and 
the  last  cluster  contains  only  p  (1  <  p  <  s-1) 
elements. 

Proof:  By  Theorem  1,  the  maximum  num¬ 
ber  of  comparisons  necessary  is 

[sin  -  1)  +  pip  -  s  +  l)]/2. 

Without  clustering,  the  total  number  of  com¬ 
parisons  required  for  n  alternatives  is  equal  to 
n(n-l)/2.  Therefore,  the  minimum  number  of 
comparisons  saved  is 

nin  -  1)/  2  -  [s(?;  ~  1)  +  pip  -  s  +  1)]/  2 

^  [(//  -  !)(//  -  s)  -  p(p  -  s  +  1)]/  2 
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Definition:  The  ratio  of  the  number  of  direct 
pairwise  comparisons  to  the  total  number  of 
comparisons  when  the  alternatives  are  cluster- 
ized,  is  known  as  cluster  efficiency  of  the  hier¬ 
archy. 

Corollary  2:  The  cluster  efficiency  of  a  hi¬ 
erarchy  is  of  order  n/s. 

Proof:  The  number  of  direct  pairwise  com¬ 
parisons  for  n  alternatives  is  equal  to  n(n-l)/2. 
By  Theorem  1,  after  clusterization,  the  maxi¬ 
mum  number  of  comparisons 

=  [s(n  -  1)  +  p(p  -  s  +  1)]/  2,  l<p<s-l 

Therefore,  the  cluster  efficiency  of  the  hierarchy 

=  [n{n  -1)/ 2]/[s(n  -  1) 

+p(p  -  s  +  l))/2] 
^[n{n-l)/2]/[s{n-l)/2] 

=  nis 

It  may  be  noted  that  cluster  efficiency  gives 
an  idea  about  the  magnitude  of  the  number  of 
comparisons  to  be  saved  in  the  clustering  pro¬ 
cedure.  More  number  of  comparisons  are  saved 
at  the  increase  of  the  cluster  efficiency. 
Remark  1:  For  the  sake  of  generality  of  the 
foregoing  decomposition  scheme,  we  have  kept 


the  maximum  number  of  elements  in  a  cluster 
as  a  variable,  namely  s,  rather  than  a  fixed 
number.  Consequently,  the  formulas  for  the  re¬ 
duction  in  pairwise  comparisons  are  expressed 
parametrically  in  terms  of  the  variable  s.  How¬ 
ever,  from  the  application  point  of  view,  the 
reasonable  value  of  s  is  7,  because  one  can 
compare  7±2  elements  simultaneously  without 
any  confusion  (Miller,  1956).  Further,  in  favor 
of  the  value  7  for  s,  Saaty  (1977)  writes,  ". . . 
using  the  consistency  index  C  the  number  7  is  a 
good  practical  bound  on  w,  a  last  outpost,  as  far  as 
consistency  is  concerned". 

Remark  2:  The  clustering  procedure  can 
also  be  performed  by  comparing  clusters  pair¬ 
wise.  Then  local  weights  of  the  alternatives  be¬ 
longing  to  a  particular  cluster  are  determined; 
these  weights  are  multiplied  by  the  weight  of 
the  concerned  cluster  (Saaty,  1990a). 

3.  Choice  of  the  best  transport 
aircraft 

The  complex  airlift  problem  has  been  inves¬ 
tigated  by  many  military  researchers  (Quade, 
1978).  Presence  of  multiple  conflicting  objec¬ 
tives,  many  decision  makers,  unavailability  of 


Aircraft  -  1  |  [  Aircraft-  2  ] 


I  Aircraft ~  20  ] 


I.  Aircraft  requirements  (0^25) 

3.  Airbase  and  support  characteristics  (0.4) 
5.  System  policies  (0-15) 

7.  Creation  of  jobs  (0*15) 

9.  Regional  distribution  of  industrial 
activities  (0-15) 

II.  Operating  cost  (0.3) 


2.  Aircraft  characteristics  (0*4) 

4.  Route  structure  (0*1) 

6.  Distribution  of  works  among  industries  (0-1) 
8- Transfer  of  technology  (0*6) 

10-  Initio!  cost  (0*7 ) 


Figure  1.  Hierarchy  for  the  transport  aircraft  choice  problem 
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Table  1,  One  pairwise  comparison  matrix  for  the  twenty  alternatives 


m 

1  2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

■ 

4 

2 

4 

5 

3 

2 

1 

1 

3 

7 

3 

2 

2 

1 

1 

2 

3 

6 

B 

■ 

1/2 

1/5 

1/3 

1/2 

1/3 

1/5 

1/9 

1/5 

1/3 

1 

1/3 

1/6 

I/« 

1/7 

1/7 

1/i 

1/3 

1/2 

fl 

■ 

1 

1/2 

' 

2 

1 

1/2 

IM 

1/2 

1 

2 

1 

1/2 

1/2 

1/3 

1/3 

1 

1 

2 

fl 

1 

2 

2 

2 

1 

1/2. 

1 

2 

4 

2 

1 

1 

1/2 

1/2 

1 

2 

3 

5 

1 

1 

1 

1/2 

1/1 

1/2 

1 

2 

4 

1/2 

1/2 

1/3 

1/3 

1/2 

1 

2 

H 

• 

1/2 

1/3 

1/5 

1/3 

1/2 

2 

1/2 

1/3 

1/3 

IM 

1/2 

1/2 

1 

■ 

> 

1/2 

1/2 

1 

3 

1 

1/2 

1/2 

1/3 

1/3 

1 

1 

2 

fl 

1 

1/2 

1 

2 

4 

2 

1 

1 

1 

1 

1 

2 

3 

■ 

1 

2 

4 

8 

4 

2 

2 

2 

2 

3 

3 

6 

10 

1 

2 

5 

2 

1 

1 

1/2 

1/2 

2 

2 

4 

11 

1 

2 

1 

1/2 

1/2 

1/3 

1/3 

1/2 

1 

2 

12 

1 

1/2 

1/3 

1/3 

1/6 

1/6 

1/3 

1/3 

1 

13 

1 

1/2 

1/2 

1/3 

1/3 

1 

1 

2 

1 

1 

1/2 

1/2 

2 

2 

4 

15 

1 

1/2 

1/2 

2 

2 

4 

16 

1 

1 

2 

3 

5 

17 

1 

2 

3 

5 

18 

1 

2 

3 

19 

1 

2 

20 

1 

market  mechanisms  to  determine  the  relation¬ 
ship  bet^veen  a  proposed  system's  cost  and  its 
military'  worth  of  effectiveness  make  any  de¬ 
fense  decision  complex  (Ng,  1980). 


Any  defense  decision  calls  for  consider¬ 
ation  over  political,  social,  and  economic  life  of 
citizens.  Transport  aircraft  choice  is  not  an  ex¬ 
ception.  Particular  choice  of  transport  aircraft 


Tabic  2,  Decomposed  matrices 


1  9  16  17 

1 

1111 

9 

1  2  2 

16 

1  1 

17 

1 

16  4  5  10  14  15 

16 

1  2  2  2  2  2 

4 

11111 

5 

1111 

10 

1  1  1 

14 

1  1 

15 

1 

19  2  5  6  12  20 
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13  12  3  2 
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Table  3.  Priority  weights  of  20  alternatives  by  Method  1  and  Method  2 


Alt. 

Attribute  1 

Attribute  2 

Attribute  3 

Attribute  4 

Attribute  5 

Attribute  6 

M-1 

M-2 

M-1 

M-2 

M-1 

M-2 

M-1 

M-2 

M-1 

M-2 

M-1 

M-2 

1 

0.1013 

0.1237 

0.0103 

0.0085 

0.1384 

0.1551 

0.0341 

0.0345 

0.0137 

0.0085 

0.0153 

0.0101 

2 

0.0102 

0.0077 

0.1423 

0.1629 

0.0169 

0.0145 

0.0341 

0.0345 

0.0331 

0.0285 

0.1032 

0.1010 

3 

0.0308 

0.0283 

0.0670 

0.0536 

0.0711 

0.0775 

0.0247 

0.0295 

0.0652 

0.0599 

0.1443 

02019 

4 

0.0554 

0.0511 

0.0270 

0.0239 

0.0346 

0.0300 

0.0341 

0.0345 

0.0598 

0.0599 

0.0299 

0.0215 

5 

0.0291 

0.0214 

0.0^70 

0.0536 

0.1125 

0.1030 

0.0264 

0.0295 

0.1004 

0.1101 

0.0299 

0.0215 

6 

0.0214 

0.0159 

0.0271 

0.0239 

0.0273 

0.0214 

0.0122 

0.0126 

0.1035 

0.1387 

0.0100 

0.0050 

7 

0.0324 

0.0283 

0.0122 

0.0101 

0.0132 

0.0102 

0.0354 

0.0345 

0.1258 

0.1748 

0.0376 

0.0239 

8 

0.0565 

0.0511 

O.IMO 

0.1027 

0.0549 

0.0515 

0.0305 

0.0345 

0.0747 

0.0676 

0.0673 

0.0642 

9 

0.1214 

0.1740 

0.0353 

0.0268 

0.0840 

0.0877 

0.0178 

0.0181 

0.0409 

0.0376 

0.0147 

0.0101 

10 

0.0627 

0.0511 

0.1754 

0.2587 

0.0840 

0.0877 

0.0763 

0.0689 

0.0174 

0.0128 

0.0t44 

0.0341 

11 

0.0306 

0.0256 

0.0288 

0.0268 

0.0840 

0.0877 

0.0763 

0.0689 

0.0137 

0.0085 

0.0309 

0.0194 

12 

0.0134 

0.0094 

0.0073 

0.0045 

0.0234 

0.0174 

0.0609 

0.0689 

0.0202 

0.0152 

0.0969 

0.1010 

13 

0.0317 

0.0283 

0.0073 

0.0(H5 

0.0234 

0.0174 

0.0939 

0.0782 

0.0681 

0.0599 

0.0157 

0.0101 

14 

0.0607 

0.0511 

0.0782 

0.0686 

0.0118 

0.0079 

0.1112 

0.1112 

0.0197 

0.0152 

0.0523 

0.0384 

15 

0.0598 

0.0511 

0.0165 

0.0138 

0.0118 

0.0102 

0.0948 

0.0782 

0.0197 

0.0152 

0.1000 

0.1010 

16 

0.0948 

0.1022 

0.0703 

0.0602 

0.0226 

0.0174 

0.0535 

0.0689 

0.0376 

0.0266 

0.0234 

0.0147 

17 

0.0948 

0.1022 

0.0349 

0.0239 

0.0199 

0.0159 

0.0545 

0.0689 

0.0196 

0.0152 

0.0149 

0.0101 

18 

0.0440 

0.0391 

0.0294 

0.0268 

0.0753 

0.0877 

0.0790 

0.0689 

0.0303 

0.0285 

0.0102 

0.0050 

19 

0.0320 

0.0256 

0.0491 

0.0403 

0.0753 

0.0877 

0.0201 

0.0222 

0.0658 

0.0599 

0.0102 

0.0050 

20 

0.0167 

0.0126 

0.0106 

0.0085 

0.0155 

0.0112 

0.0299 

0.0327 

0.0658 

0.0599 

0.1488 

0.2019 

may  have  an  impact  on  domestic  employment, 
regional  economic  activity,  technology  transfer, 
etc.  So,  at  the  time  of  choice  of  the  aircraft,  the 
following  gross  criteria  are  of  utmost  impor¬ 
tance  from  the  defense  point  of  view  : 

i)  satisfaction  of  military  requirements, 

ii)  maximization  of  industrial  benefits, 

iii)  cost,  and 

iv)  overall  life  of  the  aircraft. 

To  be  more  specific,  each  of  the  foregoing 
criteria  can  be  splitted  into  several  subcriteria. 
For  example,  the  criterion  'satisfaction  of  mili¬ 
tary  requirements'  can  be  divided  into  five  sub- 
criteria  :  a)  airlift  requirements,  b)  aircraft  char¬ 
acteristics,  c)  route  structure,  d)  airbase  and 
their  support  characteristics,  and  e)  system  pol¬ 
icies.  A  comprehensive  description  of  the  crite¬ 
ria  is  available  in  Ng  (1980). 

Thus,  it  is  clear  that  the  transport  aircraft 
choice  problem  is  characterized  by  a  multiplic¬ 


ity  of  incommensurable  criteria.  Fig.  1  depicts 
the  salient  factors  of  the  problem  in  a  hierarchi¬ 
cal  form. 

From  the  Indian  perspective,  the  weights  of 
the  criteria  and  subcriteria  are  calculated  in 
consultations  with  a  number  of  Indian  Airforce 
officials.  After  calculating  the  weights  of  the 
criteria  and  subcriteria  (weights  are  shown  in 
Fig.  1  itself),  the  relative  ranking  of  twenty 
types  of  transport  aircraft  with  respect  to  one 
criterion  at  a  time  has  been  determined.  Table  1 
shows  one  comparison  matrix  for  the  alterna¬ 
tives  constructed  for  the  criterion  'aircraft  char¬ 
acteristics'.  There  are  altogether  12  such  20  X  20 
matrices  for  12  criteria  and  subcriteria.  The  de¬ 
composed  matrices  obtained  from  the  matrix  in 
Table  1  are  shown  in  Table  2.  The  weights  of  all 
the  alternatives  are  calculated  by  both  tradi¬ 
tional  AFIP  and  the  algorithm  presented  in  Sec¬ 
tion  2.  The  procedure  is  repeated  for  all  the 
criteria.  The  results  are  shown  in  Table  3. 
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Table  3.  Continued 


Alt. 

Auribiilc  7 

Attribute  8 

Attribute  9 

Attribute  10 

Attribute  1 1 

Attribute  12 

M-l 

M-2 

M-l 

M-2 

M-l 

M-2 

M-l 

M-2 

M-l 

M-2 

M-l 

M-2 

1 

0.1106 

01172 

0.0237 

0.0154 

0.1022 

0.1186 

0.0699 

0,0719 

0.0230 

0.0179 

0,(Vi70 

07)508 

2 

O.nof>n 

OOtOM 

0.03.80 

0.0308 

0.1353 

0.176.8 

0.0586 

0.0719 

0.0217 

0.0090 

0.(M70 

07)508 

3 

0,0263 

00201 

0.01 64 

0.0154 

0.0638 

0.0593 

0.0398 

0.fV170 

0.0395 

0.0358 

0.0595 

07)562 

4 

0,0514 

0fVl85 

0.1050 

0.1122 

0.0545 

0.0530 

0.0282 

0.0260 

0.06i98 

0.0717 

0.0503 

0.0562 

5 

0.1516 

0.1516 

0.0201 

0.0154 

0.0539 

0.0530 

0.0390 

0.CU70 

0,0217 

0,0090 

0.0595 

0.0562 

6 

0.02^7 

0.0149 

01050 

0.1122 

0.0730 

0.0767 

0.0183 

0.0130 

0.0395 

0.0358 

0.0686 

0.0W8 

7 

00651 

0.0622 

0,0783 

0.0739 

00631 

0.0593 

0.0803 

0.0719 

0.0395 

0.(V102 

0.W70 

0.0508 

8 

00130 

0.0077 

0.0076 

0.0fti4 

00252 

0.0161 

0.0183 

0.0130 

0.(7729 

0.0841 

0.0503 

0.0508 

9 

0  0330 

00243 

0.0380 

0.0308 

0.0108 

0.0063 

0.0282 

0.0260 

0,0328 

0.0320 

0.0739 

077746 

in 

0.0330 

0.0243 

0.0237 

001  SI 

0.0312 

0.0182 

0.0183 

0.0103 

0,0230 

0.0179 

0.0866 

077746 

n 

0.08  ;n 

00S65 

0.0103 

o.onsi 

0.0252 

0.0161 

0.0183 

0.0130 

0.0810 

0.0841 

0,CW70 

0.0508 

12 

00546 

00585 

0.0783 

0.0739 

0,0388 

0.0297 

0.0183 

0.0130 

0,06»9a 

0,0743 

0.0595 

07)562 

13 

00227 

0.0149 

oor/)2 

0.W66 

0.0Z57 

00161 

0.1210 

0.1310 

0.0217 

0.0090 

0.0115 

07)1(77 

K 

0.1306 

01650 

0.1501 

0.2245 

0.0257 

0.0161 

0.0877 

0,0826 

0.0395 

0,0358 

07)232 

07)254 

15 

onfy53 

00044 

0.0390 

0.0308 

0.0794 

0.088.1 

0.0596 

0.0719 

0.0328 

0.0320 

0.0232 

0,0254 

16 

00203 

0.0126 

0.n6i02 

0.(VS66 

0.0116 

0.0063 

0.0282 

0.0260 

0,1193 

0.1486 

0.0686 

0.0646 

17 

0.0130 

0.0(777 

0.0201 

0.01  St 

0.1179 

0.1534 

0,074.1 

0,0719 

0.0623 

0.0608 

0.0273 

0.0269 

18 

0fV172 

00384 

0.0103 

0.0081 

0.0127 

0.0068 

0.0773 

0.0719 

0.0810 

0.0841 

07)273 

0.0269 

19 

0.0927 

0.0970 

0.0103 

0.0081 

0.0275 

0.0161 

0.074.1 

0.0719 

0,0395 

0,rW64 

0.0269 

07)269 

2n 

0,0130 

0,0(777 

0.1050 

0.1122 

00224 

0.0136 

0.0398 

0.0170 

0.0698 

0.0717 

0.0961 

0.1002 

Method  ]  {M-1)  =  Saatys  A!IP,  Method  2(M-2)  =  Clustered  AflF 


Remark  3:  By  a  scries  of  consultations  with 
some  officials  working  in  the  Indian  Airforce, 
the  data  in  the  pairwise  comparison  matrices 
were  considered.  The  entries  in  the  pairwise 
comparison  matrices  depend  upon  the  number 
of  alternatives,  i.e.,  deletion  of  some  alterna- 
tive(s)  from  the  set  of  alternatives  may  alter  the 
strength  of  preference  of  an  alternative  over 
another.  Presumably,  the  difference  of  the  two 
preference  ratios  will  not  be  sufficiently  high. 
For  this  reason,  we  have  retained  the  same 
preference  ratio  of  two  alternatives  in  the  de¬ 
composed  matrices.  Clearly  the  problem  can 
also  be  solved  by  taking  different  judgments  in 
the  decomposed  matrices.  The  entries  in  the 
lo^ver  triangular  part  of  a  pairwise  comparison 
matrix  are  the  reciprocals  of  the  corresponding 
entries  in  the  upper  triangular  part  of  the  same 
matrix. 


Now  the  global  ranking  of  all  the  alterna¬ 
tives  is  obtained  for  both  the  methods.  At  first 
we  have  obtained  the  ranking  for  4  attributes 
only  (in  discrete  MCDM  problems  the  words 
'attributes'  and  'criteria'  are  used  interchange¬ 
ably).  Then  the  process  is  repeated  adding  one 
attribute  at  a  time.  Each  time  Pearson's  rank 
correlation  coefficient  is  calculated.  The  de¬ 
tailed  results  are  shown  in  Table  4.  It  is  worth 
noting  that,  in  all  the  cases,  the  rank  correlation 
coefficients  are  greater  than  0.9.  For  the  trans¬ 
port  aircraft  choice  problem,  comparing  all  the 
alternatives  with  respect  to  all  the  12  attributes 
using  Saaty's  AHP  takes  2280  pairwise  compar¬ 
isons,  whereas  the  Clustered  AITP  takes  only  683 
comparisons  (thereby  saving  1597  comparisons). 

Following  Freund  (1992),  a  statistical  test 
has  been  performed  for  the  rank  correlation 
coefficients  to  test  the  variability  of  the  rank- 
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Table  4.  Global  ranking  of  alternatives  for  various  number  of  alternatives 


A.N. 

=  4 

A.N. 

=  5 

A.N. 

=  6 

A.N. 

=  7 

A.N. 

=  8 

A.N. 

=  9 

A.N. 

=  10 

A.N.= 

=11 

A.N.: 

=12 

Rank 

M-l 

M-2 

M-l 

M-2 

M-l 

M-2 

M-l 

M-2 

M-l 

M-2 

M-l 

M-2 

M-l 

M-2 

M-l 

M-2 

M-l 

M-2 

I 

14 

14 

14 

14 

14 

14 

14 

14 

14 

14 

14 

14 

14 

14 

14 

14 

14 

14 

2 

10 

10 

16 

10 

10 

10 

10 

10 

16 

10 

10 

10 

16 

10 

10 

10 

10 

10 

3 

2 

2 

10 

16 

16 

2 

16 

16 

10 

16 

16 

2 

10 

2 

2 

2 

10 

2 

4 

16 

16 

2 

2 

2 

16 

2 

2 

4 

4 

2 

16 

2 

16 

16 

16 

2 

16 

5 

4 

4 

4 

4 

4 

4 

4 

4 

7 

7 

4 

7 

7 

7 

7 

7 

4 

20 

6 

8 

20 

20 

20 

7 

9 

9 

9 

2 

2 

7 

4 

4 

4 

4 

20 

7 

4 

7 

20 

8 

7 

9 

17 

1 

8 

20 

20 

20 

6 

6 

6 

6 

20 

4 

20 

7 

8 

6 

6 

13 

6 

1 

7 

7 

1 

6 

6 

5 

20 

20 

20 

6 

6 

5 

1 

9 

7 

7 

17 

7 

13 

17 

20 

8 

5 

9 

20 

9 

5 

17 

8 

8 

1 

6 

10 

13 

13 

6 

17 

9 

20 

5 

7 

8 

5 

8 

1 

17 

5 

5 

17 

6 

17 

11 

3 

3 

9 

13 

8 

8 

17 

6 

9 

8 

17 

8 

8 

1 

17 

5 

8 

9 

12 

5 

19 

8 

8 

5 

13 

1 

17 

13 

1 

9 

17 

13 

8 

13 

1 

17 

5 

13 

19 

5 

1 

1 

19 

19 

6 

15 

19 

19 

1 

5 

1 

9 

3 

3 

13 

8 

14 

17 

18 

18 

15 

20 

5 

19 

19 

1 

13 

13 

19 

9 

13 

1 

9 

3 

3 

15 

18 

17 

15 

18 

18 

6 

13 

18 

17 

17 

3 

3 

3 

19 

9 

13 

9 

13 

16 

12 

12 

19 

19 

6 

18 

18 

13 

3 

3 

19 

18 

19 

3 

19 

15 

18 

19 

17 

9 

15 

12 

3 

3 

15 

3 

3 

18 

18 

18 

13 

18 

18 

15 

19 

19 

18 

18 

15 

9 

3 

12 

15 

3 

12 

12 

12 

12 

12 

15 

12 

15 

12 

12 

12 

15 

19 

1 

1 

5 

5 

12 

12 

15 

15 

15 

15 

15 

12 

15 

12 

18 

18 

15 

12 

20 

11 

11 

11 

11 

11 

11 

11 

11 

11 

11 

11 

11 

11 

11 

11 

11 

11 

11 

R.C.C. 

0.9939 

0.9699 

0.9548 

0.9669 

0.9879 

0.9504 

0.9834 

0.9849 

0.9594 

ings  obtained  by  the  two  procedures  (Saaty's 
AHP  and  Clustered  AHP).  Let 

Hq  :  the  two  rankings  are  significantly  different 
Hi :  the  two  rankings  are  not  significantly  dif¬ 
ferent 

At  1%  level  of  significance,  the  value  of  the 
statistic  z  =  2.575.  The  computed  value  of  z  = 
r  X  Vivd  for  various  number  of  attributes  are 
shown  in  Table  5.  From  this  table,  we  observe 
that  the  computed  z-value  does  not  fall  within 


the  critical  region  for  any  number  of  attributes. 
So,  we  must  reject  the  null  hypothesis  Hq. 
Therefore,  the  two  rankings  are  not  signifi¬ 
cantly  different. 

4.  Five  problems  from  AHP 
literature 

Apart  from  the  aircraft  choice  problem,  we 
have  also  considered  five  other  problems  from 
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Table  5.  z-valiic  for  various  number  of  attributes 


No.  of  altribnlcs 

4 

5 

6 

7 

8 

9 

10 

11 

12 

Computed  value  of  z 

4.3323 

4.2277 

4.1618 

4.2146 

4.3062 

4.1427 

4.2866 

4.2931 

4.1819 

the  published  AHP  literature.  To  show  the  ap¬ 
plicability  of  the  clustering  procedure,  we  have 
solved  these  problems  by  clustering  procedure 
and  compared  the  results  with  the  actual  studies. 

Problem  1:  High  level  nuclear  waste  manage¬ 
ment  problem 

In  nuclear  industry,  how  to  perform  safe 
disposal  of  'high  level'  waste,  some  of  which 
remain  radio  active  for  hundreds  of  thousands 
of  vears,  is  a  major  problem.  Because  of  toxicity 
and  long  half-lives,  management  of  such  nu¬ 
clear  waste  is  the  most  challenging  problem  in 
radio-active  management.  Saaty  and  Gholam- 
ne/had  (1982)  made  a  detailed  discussion  on 
this  problem.  They  considered  the  following 
five  options  by  which  disposal  can  be  done: 

a)  geological  disposal  using  conventional  min¬ 
ing  techniques, 

b)  ver)*  deep  hole, 

c)  island  disposal, 

d)  subseabed  disposal,  and 

c)  disposal  into  space. 

These  five  strategies  arc  judged  on  eight  crite¬ 
ria,  namely,  (i)  state  of  technology,  (ii)  health, 
safety,  and  environmental  impacts,  (iii)  cost, 
(iv)  socio-economic  impacts,  (v)  lead  time,  (vi) 


political  considerations,  (vii)  resource  con¬ 
sumption,  and  (viii)  aesthetic  effects. 

The  overall  weights  and  ranking  obtained 
by  Saaty  and  Gholamnezhad  and  the  same  ob¬ 
tained  by  the  Clustered  AHP  are  shown  in  Ta¬ 
ble  6.  It  may  be  noticed  that  both  the  rankings 
of  alternatives  arc  exactly  same. 

Problem  2:  Ranking  of  sixteen  sports  teams 

Sinuany-Stern  (1988),  in  his  paper,  pre¬ 
dicted  the  ranking  of  16  soccer  teams  partici¬ 
pating  in  the  Israeli  National  League.  The  eval¬ 
uation  was  based  on  six  criteria  :  the  facility,  the 
coach,  the  players,  the  fans,  the  previous  sea¬ 
son's  performance,  and  the  current  perfor¬ 
mance.  The  overall  weights  and  the  ranking  of 
the  teams  obtained  by  him  and  those  obtained 
by  the  Clustered  AHP  arc  shown  in  Table  7. 

By  applying  the  Clustered  AHP,  we  have 
also  solved  three  other  problems,  viz.,  "A  uni¬ 
versity  budget  allocation  problem  (Arbel, 
1983)",  "U.S.-OPEC  energy  conflict  (Saaty, 
1979)",  and  "A  relay  race  team  formation 
(Vachnadze  and  Markozashvili,  1987)".  The  re¬ 
sults  are  similar  to  those  obtained  by  the  re¬ 
spective  authors.  Details  are  omitted  due  to 
space  limitations. 


Table  6.  Overall  weights  and  rankings  of  the  alternatives  in  nuclear  waste  management  problem 


Saaty ’s  AH? 

Clustered  AHP 

Alternatives 

Weight-s 

Rank 

P.C. 

Rcqd. 

Weights 

Rank 

P.C. 

Reqd. 

1  .Gcolneic  disposal 

0.3000 

1 

162 

0.3509 

1 

99 

2.  Ver>'  deep  hole 

0.1720 

3 

0.1459 

3 

3.  Island  disposal 

0.1580 

4 

0.1307 

4 

4.Subscabed  disposal 

0.1390 

5 

0.1120 

5 

5.  Space  disposal 

0.2280 

2 

0.2590 

2 

P.C.  Rcqd.  -  Pairwise  Comparisons  Required. 
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Table  7.  Overall  weights  and  ranking  of  16  soccer  teams 


Saaty’s  AHP 

Clustered  AHP 

Teams 

Weights 

Rank 

P.C.  Reqd. 

Weights 

Rank 

P.C.  Reqd. 

1 

0.0507 

9 

645 

0.0446 

9 

272 

2 

0.1138 

2 

0,1304 

2 

3 

0.0894 

5 

0.0841 

5 

4 

0.0640 

7 

0.0665 

7 

5 

0.1328 

1 

0.1495 

1 

6 

0.1003 

3 

0.1191 

3 

7 

0.0664 

6 

0.0771 

6 

8 

0.0269 

15 

0.0206 

14 

9 

0.0446 

10 

0.0368 

10 

10 

0.0245 

16 

0.0193 

15 

11 

0.0608 

8 

0.0571 

8 

12 

0.0323 

13 

0.0254 

13 

13 

0.0956 

4 

0.0830 

4 

14 

0.0284 

14 

0.0175 

16 

15 

0.0392 

11 

0.0349 

11 

16 

0.0357 

12 

0.0300 

12 

5.  CONCLUSIONS 

When  applying  AHP  to  a  large-scale  dis¬ 
crete  choice  problem,  a  large  number  of  pair¬ 
wise  comparisons  appear  as  an  intriguing  prob¬ 
lem.  Many  suggestions  are  proposed  to  reduce 
the  number  of  comparisons.  But  none  has 
emerged  as  particularly  fruitful  from  the  appli¬ 
cation  point  of  view.  Saaty's  (1990b)  proposal  of 
clustering  alternatives  seems  to  be  a  better  rem¬ 
edy.  But  no  work  has  been  done  to  verify  its 
applicability.  In  this  paper,  an  attempt  has  been 
made  to  fill  this  gap  based  upon  experiments 
on  a  series  of  real  world  problems.  It  has  been 
shown  that  in  the  clustering  procedure,  the 
number  of  comparisons  required  is  much  less 
than  that  required  in  the  unified  approach  and 
the  rankings  that  result  are  sufficiently  close  to 
the  standard  AHP  with  all  the  pairwise  com¬ 


parisons.  This  fact  is  substantiated  by  the  com¬ 
puted  rank  correlation  coefficients  and  the  per¬ 
formed  statistical  test. 
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ABSTRACT 

he  advent  of  new  technologies,  and 
in  particular  the  development  of  effi¬ 
cient  detection  sensors,  have  pro¬ 
duced  advanced  long-range  and  accurate 
weapon  systems. 

One  of  the  major  requirements  for  op¬ 
erating  these  weapon  systems  effectively 
and  efficiently  is  to  properly  assess  the 
damage  that  was  inflicted  upon  the  targets 
by  previously  delivered  rounds. 

This  assessment  process  is  commonly 
called  Bomb  Damage  Assessment  (BDA). 

This  paper  presents  a  number  of  shoot- 
look-shoot  (SLS)  tactics  and  evaluates  their 
efficiency  in  situations  where  the  availabil¬ 
ity  of  damage  information  is  not  certain. 
The  evaluations  are  performed  with  respect 
to  the  expected  number  of  kills  criterion. 

It  is  shown  that  certain  SLS  tactics  are 
superior  to  others  and  that  a  certain  simple 
tactic  may  be  the  best  choice  in  terms  of  fire 
efficiency  and  operational  convenience. 
Key  Words:  Damage  Assessment,  Shoot-Look- 
Shoot,  Fire  Efficiency 

INTRODUCTION 

The  advent  of  new  technologies,  and  in 
particular  the  development  of  effective  de¬ 
tection  sensors  and  efficient  fire-control  de¬ 
vices,  have  resulted  in  advanced  long- 
range  and  accurate  weapon  systems. 
HELLFIRE,  MILAN,  SLAM  and  GBU-15 
(see,  e.g.  [7],  [9]  and  [11])  are  a  few  exam¬ 
ples  which  represent  the  wide  range  of 
these  types  of  weapon  systems.  In  general, 
these  systems  usually  seek  to  engage  clus¬ 
ters  of  point  targets  such  as  tanks,  artillery 
pieces  and  missile  launchers.  Once  such  a 
cluster  has  been  detected,  a  single  target  is 
then  acquired  out  of  this  cluster  and  a  round 
of  ammunition  is  delivered  towards  it.  Such 
munitions,  which  are  usually  referred  to  as 
Precision  Guided  Munitions  (PGM),  are  ac¬ 
curate,  lethal  and  very  expensive. 

In  combat  there  are  usually  two  assets 
that  are  in  short  supply  with  respect  to 
these  types  of  weapon  systems:  one  is  am¬ 
munition  and  the  other  is  time.  Because  of 
the  high  cost  of  precision-guided  munitions 
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on  one  hand,  and  weight  limitations  on  the 
carrying  platform  (e.g.  helicopters)  on  the 
other,  the  number  of  munitions  available  to 
a  particular  system,  such  as  AT  missiles, 
may  be  limited.  The  shooter  may  have  to 
carefully  consider  the  effectiveness  or  util¬ 
ity  of  each  delivered  round. 

Time  is  a  major  factor  to  consider  in 
situations  where  certain  missions  are  con¬ 
tingent  on  others  or  when  the  targets  are 
maneuverable  and  an  extended  engage¬ 
ment  may  provide  them  time  to  hide.  In 
such  cases  the  time  frame  allotted  for  com¬ 
pleting  a  mission  may  be  constrained.  Fur¬ 
thermore,  staying  at  the  same  position  for 
an  extended  period  of  time  may  cause  the 
weapon  system  to  become  vulnerable  to 
the  opponent's  fire.  Therefore,  the  objective 
in  such  instances  is  to  complete  the  mission 
as  fast  as  possible. 

To  operate  efficiently  both  in  terms  of 
ammunition  expenditure  and  time,  one  of 
the  important  tasks  of  a  shooter  is  to  prop¬ 
erly  assess  the  damage  that  was  inflicted  on 
the  targets  by  previously  delivered  rounds. 
Such  an  assessment  may  save  both  ammuni¬ 
tion  and  time  by  preventing  the  engagement 
of  previously  Wiled  targets.  Hence,  damage 
assessment  is  a  major  issue  to  consider  when 
evaluating  the  effectiveness  of  PGM  systems. 
The  importance  of  damage  assessment  was 
notable  in  the  Gulf  War  ([3],  [4],  [5],  [6]) 
where  costly  munitions  were  wasted  because 
of  poor  damage  assessment  that  led  to  inci¬ 
dences  of  multikill  on  one  hand,  and  imcom- 
pleted  missions  on  the  other. 

Shoot-Look-Shoot  (SLS)  is  a  firing  tactic 
which  comprises  both  fire  and  damage  as¬ 
sessment.  In  the  presence  of  only  a  single 
shooter,  this  tactic  represents  a  sequential 
engagement  where  the  shooter  may  occa¬ 
sionally  assess  the  damage  inflicted  on  a 
certain  target  before  acquiring  and  shoot¬ 
ing  at  other  targets.  A  deterministic  analy¬ 
sis  of  some  general  SLS  tactics  is  given  in 
[1]  and  [2]. 

The  purpose  of  this  paper  is  to  intro¬ 
duce  several  SLS  tactics  for  a  single  shooter. 
We  define  effectiveness  criteria  for  these 
tactics  and  construct  probabilistic  models 
that  represent  them.  These  selected  SLS  tac¬ 
tics  are  analyzed  with  respect  to  these 
criteria  and  their  relative  effectiveness  is 
evaluated  using  typical  scenarios. 

It  is  shown  that  the  performance  of  a 
certain  variant  of  the  Persistent  Shooting 
tactic  (which  is  discussed  in  detail  in  Sec- 
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tion  4)  appears  to  be  very  close  to  optimality. 
According  to  this  tactic,  which  is  called  MBPS, 
once  a  shooter  ceases  to  engage  a  certain  target 
it  will  never  return  to  engage  it  again.  The 
number  of  rounds  expended  at  a  certain  target 
is  bounded  bv  a  number  that  is  updated  as  the 
engagement  progresses.  This  tactic  minimizes 
the  number  of  instances  of  fire  redirection  and 
it  is  relatively  simple  to  implement.  Therefore  it 
is  recommended  as  a  practical  and  efficient  tac¬ 
tic  even  though  it  is  not  optimal  in  the  mathe¬ 
matical  sense  [10]. 

In  the  next  section  we  describe  the  basic 
combat  situation,  introduce  notation  and  define 
the  criteria  according  to  which  the  SL5  tactics 
are  evaluated.  In  Section  3  the  basic  model  with 
no  damage  assessment  provisions  is  discussed. 
Section  4  describes  and  evaluates  the  four  vari¬ 
ants  of  the  Persistent  Shooting  Tactic  and  the 
operational  advantages  of  this  family  of  shoot¬ 
ing  strategies  are  discussed.  The  performance 
of  these  tactics  arc  compared  to  the  results  of  an 
optimal  strategy  in  Section  5.  Section  6  contains 
concluding  remarks  and  summary. 

2.  Description,  Notation  and 
Criteria 

We  consider  a  situation  where  a  single  shooter 
is  engaging  a  cluster  of  m  homogeneous  point- 
targets.  During  the  firing  process  we  assume 
that  the  targets  do  not  fire  back  at  the  shooter 
and  therefore  the  latter  is  invulnerable.  We  also 
assume  that  the  cluster  of  targets  remains  un¬ 
changed  throughout  the  engagement,  that  is, 
no  targets  disappear  from  the  engagement  area 
and  no  nc\v  target  enters  into  it. 

The  engagement  process  comprises  three 
stages:  acquisition,  firing,  and  damage  assess¬ 
ment.  When  a  specific  target  has  been  detected 
bv  the  weapon  system  and  the  conditions  are 
such  that  immediate  shooting  towards  it  is  pos¬ 
sible,  then  it  is  said  that  the  target  has  been 
acquired.  The  acquisition  stage  is  usually  time 
consuming  and  therefore  it  is  a  major  factor  in 
evaluating  the  effectiveness  of  the  weapon.  A 
common  phenomenon  is  that  of  false  acquisi¬ 
tion  when  cither  a  non-target  or  a  previously 
killed  target  is  mistakenly  acquired.  Through¬ 
out  the  paper  we  will  consider  false  acquisi¬ 


tions  of  one  type  only,  namely,  acquiring  killed 
targets.  Once  a  target  has  been  acquired,  a 
round  of  ammunition  is  fired  upon  it.  The  re¬ 
sult  of  the  shooting  can  be  either  a  hit  or  a  miss. 
If  the  round  hits  the  target  it  may  either  kill  it  or 
cause  no  damage.  In  other  words,  we  assume 
that  the  shooting  process  causes  no  cumulative 
damage  to  targets. 

A  killed  target  may  appear  alive  to  the 
shooter  if  there  are  not  enough  signs  to  indicate 
otherwise.  A  killed  target  which  also  appears  as 
killed  to  the  shooter  is  called  an  evidently 
killed  (EK)  target.  In  the  third  stage  of  the 
engagement  process  the  damage  that  was 
caused  by  the  shooting  is  assessed.  We  assume 
that  a  previously  killed  target  that  was  not  EK 
at  the  time  of  kill  may  not  appear  to  the  shooter 
as  killed  later  on  unless  it  is  shot  upon  again 
and  is  "'killed"  once  more.  In  other  words,  there 
is  no  "record"  for  previously  killed  targets  and 
therefore  a  necessar)^  condition  for  detecting  a 
kill,  following  a  round  of  fire,  is  that  the  par¬ 
ticular  round  was  potentially  lethal. 

The  damage  assessment  is  designed  to 
evaluate  the  impact  of  the  engagement  on  one 
hand,  and  to  minimize  the  number  of  inci¬ 
dences  of  false  acquisitions  on  the  other.  Dam¬ 
age  assessment  is  performed  by  inspecting  the 
targets.  We  assume  that  there  is  no  "type  H" 
error,  that  is,  a  live  target  will  never  appear  to 
the  shooter  as  killed.  This  is  a  reasonable  as¬ 
sumption  since  a  kill  indication  is  usually  ob¬ 
tained  under  very  rigid  conditions. 

In  conclusion,  following  deliver}^  of  a 
round,  a  target  may  be  in  one  of  the  three 
possible  states  (i)  undamaged,  (ii)  killed  with 
no  signs  to  that  effect  (K)  and  (iii)  evidently 
killed  (EK). 

Denote  the  single-round  kill  probability  of 
a  target  by  pv.  and  let  denote  the  condi¬ 
tional  probability  that  a  killed  target  will  be 
recognized  as  such  by  the  shooter.  Thus,  p^,  = 
Ps/k  Pk  probability  that  a  target  is  evi¬ 

dently  killed  by  a  single-shot.  The  random  vari¬ 
ables  X,,  and  Y,,  represent  the  number  of  killed 
(K)  targets  and  evidently  killed  (EK)  targets, 
respectively,  following  the  deliver}^  of  n 
rounds.  We  define  Tj  as  the  random  variable 
that  counts  the  number  of  rounds  needed  to  kill 
i  targets. 
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The  basic  criterion  according  to  which  the 
various  SLS  tactics  are  evaluated  is  B{X^)  -  the 
expected  number  of  killed  targets  following  the 
delivery  of  n  rounds. 

However,  the  models  that  are  presented  in 
this  paper  may  be  suitable  also  for  evaluation  of 
other  effectiveness  measures  such  as:  Mi(q)  - 
the  number  of  munitions  needed  to  obtain  a  kill 
level  of  i  targets  with  probability  of  at  least  q; 
the  probability  for  a  minimum  number  (r)  of 
killed  targets  by  a  given  number  (n)  of  rounds 
(Pr[Xn  ^  r]);  and  the  expected  number  of 
rounds  needed  to  obtain  damage  level  r. 

In  this  paper  we  focus  on  four  SLS  tactics: 
(1)  Basic  Persistent  Shooter  (BPS),  (2)  Fixed 
Bound  Persistent  Shooter  (FBPS),  (3)  Dynamic 
Bound  Persistent  Shooter  (DBPS)  and  (4)  Heu¬ 
ristics  for  Bounded  Persistent  Shooter  (HBPS). 
These  tactics,  which  are  described  in  Section  4, 
are  compared  to  each  other  and  are  evaluated 
against  two  benchnmarks:  (a)  the  basic  tactic 
that  takes  into  consideration  no  damage  assess¬ 
ment,  a  tactic  that  is  usually  described  by  Urn 
Models  [8],  and  (b)  The  Greedy  Shooting  (GS) 
tactic  -  which  is  a  globally  optimal  tactic  under 
some  reasonable  assumptions  [10].  We  start  off, 
in  the  next  section,  by  describing  the  shooting 
tactic  without  damage  assessment. 


3.  The  Basic  Model  -  No  Damage 
Assessment 

We  consider  a  situation  where  n  rounds  are 
randomly  and  independently  delivered  to¬ 
wards  m  targets.  The  result  of  each  shot  is 
unknown  to  the  shooter  and  therefore  ps/k”0. 
In  other  words,  for  each  round  the  shooter  ran¬ 
domly  selects  a  target  out  of  the  cluster  of  m 
targets.  His  choices  are  independent  of  each 
other  and  in  particular,  the  decision  to  engage  a 
certain  target  does  not  depend  upon  its  state 
(killed  or  alive). 

Let  X  =  {X^;  n= 1,2,3,..}  be  a  stochastic  pro¬ 
cess  with  a  state  space  {0,l,..m}.  X^  indicates  the 
number  of  killed  targets  following  the  shooting 
of  n  rounds.  Clearly,  this  process  is  a  Markov 
Chain  with  an  initial  state  Xq  =  0.  Note  that 
since  no  provisions  for  damage  assessment  are 
made,  the  random  variable  Y,  which  represents 
the  EK  targets,  has  no  meaning  here. 


The  transition  probabilities  for  the  Markov 
Chain  are  given  by 

tn  ““  i 

V  -  if  /  =  z  +  1,  0  <  /  <  m 

P  =  {  m  —  i  . 

I  -  p. -  if  ;  =  z,  0  <  z  <  m 

m 

0  otherwise 

(3.1) 

The  probability,  Pn(x),  that  x  targets  are  killed 
by  n  rounds  satisfies: 

/  m  -  x\ 

P„(x)  =  P„_iU)-^l  -p, 


+  P„-^{x  -1)-Pk 


m  “  X  +  1 
m 


(3.2) 


It  is  easily  seen  [8]  that  the  expected  number  of 
killed  targets  is: 


E[X,.]  =  m 


(3.3) 


Table  3.1  presents  the  expected  values  E[XJ  as 
a  function  of  the  number  of  rounds  n  and  for 
the  case  where  the  number  of  targets  m=10. 
The  expected  number  of  kills  is  computed  for  3 
representative  values  of  the  kill  probability: 
Pi^  =  0.2,  0.5,  0.8  and  1.  The  effect  of  multiple 
kills  is  best  noted  for  the  case  where  Pk=l-  Even 
though  the  kill  is  certain  for  each  round,  the 
expected  number  of  kills,  for  n=10  rounds,  is 
only  about  6.5.  That  is,  there  are  in  this  case,  on 
average,  3.5  incidences  of  multiple  kills. 

Next  consider  the  number  of  rounds 
needed  to  obtain  a  certain  level  of  damage. 

Let  Mi,  i=0,..,m-l,  be  a  random  variable 
which  represents  the  number  of  rounds  needed 


Table  3.1  Expected  Number  of  Killed  Targets — 
Basic  Model  m  =  10 


n 

Pk  =  0.2 

Pk  =  0.5 

II 

o 

bo 

Pk  =  1.0 

5 

0.96 

2.26 

3.41 

4.10 

10 

1.83 

4.01 

5.66 

6.51 

20 

3.32 

6.42 

8.11 

8.78 

30 

4.55 

7.85 

9.18 

9.58 

40 

5.54 

8.72 

9.64 

9.85 

50 

6.36 

9.23 

9.85 

9.95 
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to  kill  the  (i  +  ])-th  target,  given  that  i  targets 
have  alread}'  been  killed.  Clearly, 


til 

fuiiii  -  /)■ 


(3.4) 


Tlie  expected  number,  E[Tj],  of  rounds  needed 
to  kill  i  targets  is  given  by 


E[T.]  =  E[Mp]  +  E[A4,]  +  •  •  •  +  E[M,  ,], 

(3.5) 


or 


m  1 

HT,]=  2  ■■  (3.6) 

Since  E[MJ  is  monotone  increasing  in  i,  it  fol¬ 
lows  that  E[Tj]  is  a  convex  function  of  i.  The 
operational  interpretation  of  this  property  is 
that  the  marginal  expecte(^  number  of  muni¬ 
tions  needec^  is  increasing  as  the  damage  level 
requirement  (number  of  killed  targets,  i)  gets 
higher. 

The  simple  Urn  Model  presented  in  this 
section  represents  a  situation  where  the  entire 
engagement  is  random  and  no  decisions  are 
made  throughout  it.  Such  shooting  tactics  may 
result  in  incidences  of  multiple  kills,  a  phenom¬ 
enon  which  may  cause  waste  in  both  munitions 
and  time.  This  elementary  shooting  tactic  has 
been  described  as  a  back-drop  for  the  SLS  tac¬ 
tics  which  arc  discussed  in  detail  in  the  next 
sections.  These  tactics  incorporate  damage  as¬ 
sessment  and  decision  making. 


4.  The  “Persistent  Shooter” 

4.1  The  Basic  Persistent  Model  (BPS).  The 
persistent  shooter  selects  the  first  target  to  en¬ 
gage  out  of  a  cluster  of  m  targets  at  random  and 
keeps  engaging  this  target  (delivering  rounds 
on  it)  as  long  as  the  target  is  not  evidently  killed 
(EK).  Once  the  target  is  EK,  the  shooter  selects, 
at  random,  a  new  live  target  to  engage.  Evi¬ 
dently,  the  efficiency  of  this  shooting  tactic 
strongly  depends  on  the  conditional  probability 
p^  that  a  kill  is  evident.  For  example,  if  p^/j.  = 
0  then  the  maximum  possible  number  of  killed 
targets,  under  this  tactic,  is  1. 

As  in  Section  3,  let  be  a  random  variable 


that  counts  the  number  of  killed  targets  by  n 
rounds.  Define  Y„  as  the  number  of  EK  targets 
after  shooting  n  rounds.  Under  the  assumption 
that  is  constant  throughout  the  engage¬ 
ment,  Y,.,  is  a  Markov^  Chain.  Clearly,  the  num¬ 
ber  of  EK  targets  Y„  can  never  exceed  the  num¬ 
ber  of  killed  (K)  targets  X,,.  For  the  Persistent 
Shooter  tactic,  X,^  can  exceed  Y^^  by  at  most  one 
target.  Hence 


X  -  1  <  Y  <  X 

It  can  be  easily  shown  that  the  random  variable 
Y,^  has  a  truncated  binomial  distribution.  That 
is, 

P{Y„  -  /) 

(”)p'(l  -  /O"’'  if "  —  or 
_  if  (»  >  tn  and  i  <  in) 

^  if  n  >  )n  and  /  =  ;?/, 

(4.1) 

where  p,  =  p^Ps/k' 

However,  the  parameter  that  is  most  rele¬ 
vant  to  the  shooter  is  the  number  of  killed 
targets,  X,^.  Here,  the  process  \XJ  is  not  a 
Markov  Chain;  the  transition  probability  from  i 
killed  targets  to  i  +  1  kills  depends  on  the  status 
(K  or  EK)  of  the  i-th  killed  target.  The  probabil¬ 
ity  distribution  function  of  X„  is  derived  di¬ 
rectly  in  the  following  way. 

There  are  three  possible  states  out  of  which 
one  can  arrive  at  the  situation  where  Xj^=x. 

State  a:  Y„.^  =  x-1  and  X,^.,  =  x-1,  in  which 
case  the  transition  to  X,,  -  x  is  with  probability 
Pk- 

State  b:  Y^^.^  =  x-1  and  X,,.^  =  x,  in  which 
case  the  transition  is  with  probability  1. 

State  c:  Y,^,i  =  X,,.i  =  x,  in  which  case  the 
transition  is  with  probability  (l-p^). 

Therefore, 

P(X,  =  x)  =  p,  •  P(X„  ,  =  ,v  -  1,  =  X  ~  1) 

T  P(X,  =  X,  =  A'  -  1) 

+  (l-p,)*P(X„_i=A', 

(4.2) 
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Equation  (4.2)  applies  for  the  case  where  x  ^ 
m-1.  Since  x  =  m  is  an  absorbing  state  a  slight 
modification  of  (4.2)  is  needed  to  account  for 
that  property.  For  the  sake  of  brevity,  this  mod¬ 
ification  is  omitted  here. 

We  can  obtain  now  a  recursive  formula  for 
the  probability  distribution  of  the  number  of 
killed  targets  following  the  firing  of  n 
rounds. 

P(X„  =  X) 

(1  -  Pit)"  if  X  =  0 

+  pk-P{Y„-i  =  x-l) 

=  <  ifl^x^m-1 

(1  -pJ-P(X„_i  =  x) 

+  Pk  •  [P( V„_i  =  m  -  1)  +  P(y„-i  =  m)] 

^  iix  =  m. 

(4.3) 

Since  the  probability  distribution  function  (pdf) 
of  Yn  is  known  from  (4.1),  the  pdf  of  in  (4.3) 
can  now  be  easily  computed. 

In  particular,  the  expected  number  of  killed 
targets  is  given  by 

E[XJ  =  (1  -  p,)  •  E[X„_i]  +  p,  •  E[ 

+  pr[l-P(X„_i  =  m)].  (4.4) 

If  n  ^  m  (in  which  case  E[Yn_i]=(n-l)ps  and 
P[Yy,_i=m]=0),  then  it  can  be  shown  that, 

E[X„]  =  nps  +  (1  -  Ps/k)  •  [1  -  (1  -  Pit)”]. 

(4.5) 

Table  4.1  shows  the  expected  number  of  targets 
killed,  in  a  cluster  of  m=10  targets,  by  a  persis¬ 
tent  shooter.  The  ranges  of  kill  probabilities  and 


kill-recognition  probabilities  are  pj^-  0.2,  0.5 
and  0.8  and  Ps/j,  =  0.1,  0.5  and  0.9,  respectively. 

Notice  the  tradeoffs  between  p^^  and  pg/^. 
From  the  practical  point  of  view,  the  realistic 
range  of  in  actual  combat  is  0.2  -  0.8.  Kill 
detection  however  may  have  a  larger  range  of 
probabilities;  an  advanced  sensor  may  have  a 
kill  detection  rate  as  high  as  90%  while  the 
unassisted  eye  of  a  shooter  may  detect  no  more 
than  10%  of  the  killed  targets.  Under  these 
bounding  assumptions,  the  advantage  of  high 
Ps/h  -  low  pi^  over  the  reverse  is  evident  as  n 
increases.  For  example,  if  n=50  then  the  ex¬ 
pected  number  of  killed  targets  is  8.41  if  pi^  = 
0.2  and  pg/^  =  0.9.  This  value  is  only  4.89  if  p^ 
=  0.8  and  p^/^  =  0.1. 

Table  4.2  shows  the  number  of  rounds  to  be 
delivered  in  order  to  obtain  a  90%  chance  for  a 
specified  minimum  level  of  damage.  Here, 
p^.=0.5  while  pg/^  assumes  two  values  0.5  and 
1.0.  For  example,  if  the  mission's  objective  dam¬ 
age  level  is  to  kill  5  out  of  the  10  targets  in  the 
cluster,  then  if  Ps/h~0.5,  the  number  of  rounds 
required  is  M5(0.9)  =  27,  while  if  Ps/i^=1.0,  then 
M5(0.9)  =  14. 

These  two  values  are  compared  with  the 
number  of  rounds,  M5(0.9)  =  19,  needed  in  the 
Urn  Model  for  this  damage  level  objective  and 
the  same  kill  probability  p^=0.5. 

From  Table  4.2  it  can  be  seen  that,  for  the 
case  discussed  here,  the  choice  between  the 
random  Urn  Model  and  the  Basic  Persistent 
Shooting  tactic  depends  on  the  required  dam¬ 
age  level  and  on  the  effectiveness  of  the  dam¬ 
age  assessment  process  (measured  by  ps/k)/  for 
small  values  of  required  damage  level  the  Urn 
Model  is  superior  even  for  relatively  high  ca¬ 
pabilities  of  damage  assessment.  However,  if 


Table  4.1  Expected  Number  of  Killed  Targets  for  BPS  Tactics  m  -  10 


n 

Pk  =  0.2 

Pk  =  0.5 

Pk  =  0.8 

Ps/k  =  0-1 

Ps/k  =  0.5 

Ps/k  =  0.9 

Ps/k  =  0.1 

Ps/k  =  0.5 

Ps/k  =  0.9 

Ps/k  =  0.1 

Ps/k  “  0.5 

Ps/k  =  0.9 

5 

0.71 

0.84 

0.97 

1.12 

1.73 

2.35 

1.30 

2.50 

3.70 

10 

1.00 

1.45 

1.89 

1.40 

3.00 

4.60 

1.70 

4.50 

7.30 

20 

1.29 

2.49 

3.70 

1.90 

5,49 

8.61 

2.50 

8.20 

9.99 

30 

1.50 

3.50 

5.48 

2.40 

7.74 

9.89 

3.30 

9.77 

10.00 

40 

1.70 

4.50 

7.12 

2.90 

9.17 

10.00 

4.10 

9.99 

10.00 

50 

1.90 

5.48 

8.41 

3.40 

9.77 

10.00 

4.89 

10.00 

10.00 
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Table  4.2  Number  of  Rounds  Required  for  BPS  to 
Obtain  a  Certain  Damage  Level  with  90% 
Confidence 


Damage 

level 

Ps'h  ==  0.3 

Ps.a  =  LO 

Urn 

Model 

1 

4 

4 

4 

2 

11 

7 

7 

3 

17 

9 

11 

4 

22 

12 

15 

5 

27 

14 

19 

6 

32 

17 

25 

7 

37 

19 

32 

8 

42 

21 

41 

9 

47 

24 

56 

10 

52 

26 

89 

the  required  damage  level  is  high  (9  or  10  tar¬ 
gets)  then  the  Persistent  Shooter  tactic  is  supe¬ 
rior,  even  for  less  than  moderate  damage  as¬ 
sessment  capabilities.  In  the  latter  case  the 
effect  of  the  'TandonV'  multi-kills  in  the  Urn 
Model  overrides  the  effect  of  the  ^'single  target" 
multi-kill  that  may  occur  in  a  persistent  shoot¬ 
ing. 

4.2  Fixed  Bound  on  the  Number  of  Munitions 
(FBPS).  A  notable  operational  property  of  the 
Persistent  Shooting  tactic  is  the  relatively  small 
number  of  instances  where  fire  is  to  be  redi¬ 
rected  between  targets;  there  are  at  most  m-1 
such  instances.  This  property  is  important  in 
cases  where  the  transition  from  engaging  one 
target  to  engaging  another  is  demanding  both 
in  terms  of  time  (e.g.  acquisition  time)  and  re¬ 
sources  (e.g.  wasted  ammunition  in  the  fire  ad¬ 
justment  process).  However,  as  was  shown  in 
Table  4.1  above,  this  tactic  may  be  of  little  use  if 
the  damage  assessment  effect! venes.s,  p^/^/  is 
low,  or  even  moderate.  One  way  to  reduce  the 
possibility  of  wasting  ammunition  due  to  poor 
damage  assessment  is  to  limit  the  number  of 
rounds  per  target.  This  may  be  done  by  setting 
an  upper  bound  on  the  number  of  rounds  shot 
at  each  target.  The  problem  of  determining  this 
bound  is  an  optimization  problem  where  the 
tradeoff  is  between  possible  high  rates  of  multi¬ 
kills  -  in  the  case  where  the  bound  is  high  -  and 
terminating  the  engagement  of  a  certain  target 
prematurely,  while  it  is  still  alive  -  in  the  case 
where  the  bound  is  low. 


Let  n  and  v  be  the  number  of  rounds  avail¬ 
able  and  the  number  of  targets  that  have  not 
been  engaged  yet,  respectively.  Define  R,,(v,n) 
as  the  expected  number  of  targets  killed  by  a 
persistent  shooter  with  an  upper  bound  u,  and 
denote  by  u  (v,n)  the  optimal  upper  bound 
which  maximizes  R^,(v,n).  Clearly,  for  the  case 
of  a  single  target  we  have: 

//)  =  R„(l,  ?/)  =  1  “  (1  - 

(4.6) 


Define: 

Aj  -  The  target  is  declared  EK  right  after  the 
i-th  shot,  i  =  l,.vU, 

A''  -  The  target  is  not  EK  after  firing  upon  it 
all  of  its  u  rounds,  where  the  upper  bound  u  is 
a  number  between  1  and  n. 

Let  P(K/A*^)  denote  the  probability  that  a 
target  is  killed  (K)  after  being  shot  upon  by  u 
rounds,  even  though  it  is  not  evidently  killed 
(EK).  It  can  be  shown  that: 


p(/i,)  =  (1  -  p,)%, 

(4.7) 

Pi  An  =  (1  -  pX, 

(4.8) 

PiK\An  =  1  -  (prj’j"- 

(4.9) 

The  expected  kill  R^,(v,n)  can  now  be  derived 
recursively  by: 


u 

-  1,  »  -  /')] 

1^  I 


+  (1  -  pX 


-/’* 

-/’s 


) 


1/ 


+  -  1,  H  -  I()], 


(4.10) 


where  u  =  //) 

The  optimni  value  of  u,  denoted  by  u",  may  be 
obtained  by  solving 

max  {RJtu,  »)}  (4.11) 

=■  1 . n 

The  following  two  properties  are  fairly  obvi¬ 
ous: 
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Property  4. 1 

r  n' 

u*iv,  n)>  -  , 

(4.12) 

where  [x]  is  the  largest  integer  not  greater  than 

X. 

Proof.  Clearly  the  upper  bound  u  cannot 
be  smaller  than  [n/v]  since  otherwise  at  least  v 
rounds  are  redundant  and  therefore  the  en¬ 
gagement  is  not  executed  in  its  maximal  possi¬ 
ble  effectiveness.  However,  this  bound  may  be 
equal  to  [n/v]  (with  a  possible  "waste"  of  n  - 
v[n/v]  rounds)  when,  for  instance,  p^  is  high 
but  ps/]^  is  low. 

Property  4.2.  The  FBPS  tactic  is  superior  to 
the  BPS  tactic. 

Proof  This  follows  directly  from  the  ob¬ 
servation  that 

max  {Ruim,  n)}  ^  P„(m,  n). 

. ”  (4.13) 

Table  43  presents  optimal  upper  bounds  for 
the  FBPS  tactic  when  both  the  kill  probability  p^ 
and  the  kill-detection  probability  pg/j^  are  equal 
to  0.5.  Next  to  each  such  bound  u  we  indicate, 
in  parentheses,  the  expected  number  of  killed 
targets,  Ru(m,n) 

It  can  be  seen,  in  the  above  example,  that 
for  large  values  of  n,  the  optimal  upper  bound 
may  be  strictly  larger  than  the  average  (#  of 
rounds) /(#  of  targets).  Also  notice  that  when 
comparing  the  expected  number  of  kills  using 
FBPS  to  those  using  BPS  (as  presented  in  Table 
4.4  below),  an  improvement  is  evident.  For  ex¬ 
ample,  in  the  case  of  n=20  and  pk=  pg/^  =  0.5 
these  expected  values  are  5.49  and  7.68  for  the 
BPS  and  the  FBPS  tactics,  respectively,  which 
represents  a  40%  improvement.  For  low  values 


Table  4.3  Optimal  Upper  Bounds  for  the  FBPS 
Tactic  (pk  =  Ps/k  =  0-5) 


m 

n 

1 

3 

5 

10 

5 

5  (0.97) 

2  (2.12) 

1  (2.50) 

1  (2.50) 

10 

10  (1.00) 

4  (2.79) 

2  (3.85) 

1  (5.00) 

15 

15  (1.00) 

6  (2.95) 

4  (4.57) 

2  (6.46) 

20 

20  (1.00) 

9  (2.99) 

5  (4.84) 

2  (7.68) 

of  pg/k  the  improvement  is  much  higher.  For 
example,  if  n=40,  Pk=  0.5  and  Ps/k“  0.1  the 
expected  values  are  2.90  and  9.41  for  BPS  and 
FBPS,  respectively  (225%  improvement!). 

Table  4.4,  which  is  similar  to  Table  4.1, 
presents  the  expected  values  for  FBPS. 

4.3  Dynamic  Bound  on  the  Number  of  Rounds 
(DBPS).  Suppose  now  that  the  upper  bound 
on  the  number  of  rounds  allocated  to  a  given 
target  may  be  updated  and  changed  as  the 
shooter  proceeds  from  one  target  to  another. 
Clearly,  this  relaxed  condition  can  only  improve 
the  performance  of  the  shooter,  as  compared  to 
the  FBPS  tactics  where  this  upper  boimd  remains 
fixed.  This  improvement  is  due  to  the  ability  to 
respond  to  actual  outcomes  in  the  engagement 
process  and  to  optimize  accordingly. 

Determining  the  upper  bound  is  a  multi¬ 
stage  problem  which  is  once  again  solved  by 
means  of  dynamic  programming.  As  before,  let 
R^(v,n)  denote  the  expected  number  of  kills  under 
the  optimal  DBPS  tactics  when  the  shooter  has  n 
rounds  and  v  targets  have  not  been  engaged  yet. 

The  dynamic  programming  problem  is 
stated  as  follows 

R^{v,  n) 


=  max  I  X(1  "  Ps)'  Vs[l  +  ~Xn-  i)] 

M  =  1 - 


^(i-PsT 


1  - 


1  "Pi  I 


+  R!^(v  -  1,  n  -  w) 
(4.14) 


with  R’^(l,n)  =  1  -  (l-Pk)'". 

Table  4.3  presents  the  optimal  (dynamic) 
upper  bounds  on  the  number  of  rounds  to  be 
allocated  to  the  first  out  of  v  remaining  targets. 
The  figures  in  parenthesis,  next  to  the  upper 
bound  values,  are  the  optimal  expected  number 
of  kills  -  R*(v,n).  To  interpret  the  figures  in 
Table  4.3  suppose  that  the  shooter  has  yet  to 
engage  n=10  targets  with  n=20  remaining 
rounds.  To  the  first  of  these  10  targets  it  should 
allocate  at  most  3  rounds.  Suppose  that  it  de¬ 
livered  these  3  rounds  with  no  EK  indication 
(or  a  kill  was  evident  only  by  the  third  round). 
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Table  4.4  Expected  Number  of  Killed  Targets  for  FBP5  Tactic  m  =  10 


n 

P.  =  0.2 

Pk  =  05^ 

Pk  =  0.8 

P.a  =  0.1 

=  0.5 

Ps/k  =  0.9 

Ps/k  =  0.1 

Ps/k  =  0.5 

Ps/k  =  0.9 

o 

11 

U  ' 

J. 

a-  1 

Ps/k  =  0.5 

P.s/k  =  0.9 

5 

1,00 

1.00 

1.00 

2.50 

2.50 

2.50 

4.00 

4.00 

4.00 

10 

2,00 

2.00 

2.00 

5.00 

5.00 

5.00 

8.00 

8,00 

8.00 

20 

3,62 

3.71 

3.91 

7.55 

7.68 

8.71 

9.62 

9.64 

9.99 

30 

4.93 

5.15 

5.70 

8.80 

9.25 

9.90 

9.93 

9.98 

10.00 

40 

5.97 

6.41 

7.26 

9.41 

9.78 

10.00 

9.99 

10.00 

10.00 

50 

6.81 

7.36 

8.47 

9.71 

9.94 

10.00 

10.00 

10.00 

10.00 

Table  4.5 

Optimal 

Upper  Bounds  for  DBPS  Tactic  (pj. 

=  Ps/k  =  0.5) 

n 

m  =  5 

ni  =  6 

m  =  7 

m  =  8 

m  =  9 

m  =  10 

10 

3  (3.93) 

2  (4.28) 

2  (4.50) 

2  (4.67) 

2  (4.83) 

1  (5.00) 

11 

3(4.12) 

2  (4.52) 

2(4.81) 

2  (5.00) 

2  (5.17) 

2  (5.33) 

12 

3  (4.28) 

3  (4.74) 

2  (5.09) 

2  (5.32) 

2  (5.50) 

2  (5.67) 

13 

3(4.41) 

3  (4.93) 

2  (5.33) 

2  (5.63) 

2  (5.83) 

2  (6.00) 

14 

4(4.52) 

3  (5.10) 

3  (5.54) 

2  (5.90) 

2(6.15) 

2(6.13) 

15 

4  (4.62) 

3  (5.24) 

3  (5.74) 

2  (6.13) 

2  (6.45) 

2  (6.66) 

16 

5  (4.69) 

4  (5.37) 

3(5.91) 

3  (6.34) 

2(6.71) 

2  (6.98) 

17 

5(4.75) 

4  (5.47) 

3  (6.07) 

3  (6.54) 

2  (6.93) 

2  (7.26) 

18 

5  (4.80) 

4  (5.56) 

4  (6.20) 

3  (6.73) 

3(7.15) 

2(7.51) 

19 

6  (4.84) 

5  (5.64) 

4  (6.32) 

3  (6.89) 

3  (7.35) 

2  (7.74) 

20 

6  (4.88) 

5  (5.70) 

4  (6.42) 

3  (7.03) 

3  (7.54) 

3  (7.95) 

Note  that  the  improvement  of  the  Fixed 
Bound  PS  (FBPS)  tactic  over  the  Basic  PS  (BPS) 
tactic  is  much  more  significant  than  the  improve¬ 
ment  of  the  Dynamic  Bound  PS  (DBPS)  tactic 
over  the  FBPS  tactic.  For  example,  if  n=20,  m==10 
and  pj^  =  =  0.5  then  the  BPS  tactic  results  in 

expected  kills  of  5.49,  where  FBPS  results  in  7.68 
and  DBPS  results  in  7.95.  For  values  of  p^^  and 
Pj,/j,  further  to  the  extreme,  the  difference  be¬ 
tween  FBPS  and  DBPS  is  even  less  notable. 


The  shooter  is  now  to  engage  n=9  targets  with 
n=^17  rounds.  The  number  of  rounds  to  be  de¬ 
livered  to  the  first  of  these  9  targets  should  not 
exceed  2  (8th  row,  5th  column).  Suppose  that 
this  target  has  become  EK  by  the  first  round. 
There  are  now  16  rounds  to  engage  8  targets,  so 
the  next  target  should  be  engaged  by  at  most  3 
rounds,  and  so  on,  .  . 

Table  4.6  shows  expected  kills  for  the  DBPS 
tactic. 


Table  4.6  Expected  Number  of  Killed  Targets  for  DBPS  Tactic  m  =  10 


rt 

Pk  =  0.2 

Pk  =  0.5 

r 

II 

O 

bo 

Ps-k  =  0.1 

Ps/k  =  0.5 

P.s/k  =  0.9 

Ps/k  =  0.1 

Ps/k  =  0.5 

Ps/k  =  0.9 

Ps/k  =  0.1 

Ps/k  =  0.5 

Ps/k  =  0.9 

5 

1.00 

1.00 

1.00 

2.50 

2.50 

2.50 

4.00 

4.00 

4.00 

10 

2.00 

2.00 

2.00 

5.00 

5.00 

5.00 

8.00 

8,00 

8.00 

20 

3.62 

3.74 

3.93 

7.56 

7.95 

8.80 

9.63 

9.81 

9.99 

30 

4.94 

5.24 

5.75 

8.84 

9.37 

9.91 

9.94 

9.99 

10.00 

40 

6.00 

6.49 

7.33 

9.46 

9.85 

10.00 

9.99 

10.00 

10.00 

50 

6.84 

7.49 

8.s53 

9.76 

9.97 

10.00 

10.00 

10.00 

10.00 
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We  can  conclude  that  by  imposing  upper 
bounds  on  the  PS  tactic,  one  can  considerably 
improve  its  effectiveness.  However,  in  many 
cases  it  may  be  impractical  to  rely  on  an  algorith¬ 
mic  procedure  to  determine  the  upper  boimds. 

Next  we  present  a  simple  and  straightfor¬ 
ward  heuristic  for  DBFS  which  can  be  used  for 
determining  the  upper  bounds.  Using  the  real¬ 
istic  examples  in  this  section,  it  is  shown  that  its 
effectiveness  may  be  almost  as  good  as  that  of 
the  DBFS  tactics. 

4.4  Heuristics  for  Determining  Upper  Bounds  for 
the  PS  Tactics  (MBPS).  A  simple  rule  for  deter¬ 
mining  the  upper  bound  on  the  number  of 
rounds  to  be  allocated  to  the  next  target  is  to 
divide  the  number  of  rounds  available  by  the 
number  of  targets  yet  to  be  engaged  and  take 
the  smallest  integer  greater  than  or  equal  to  that 
number.  In  other  words,  when  v  targets  are  to 
be  shot  upon  by  n  munitions,  then  the  upper 
bound  on  the  first  target  to  be  engaged  is  [n/ 
v]”^,  where  [x]"^  is  the  smallest  integer  not 
smaller  than  x.  This  tactic  represents  an  "aver¬ 
age"  principle  in  allocating  munitions.  Hence, 
after  terminating  the  engagement  of  a  certain 
target  -  either  by  evidently  killing  it  or  by  ex¬ 
pending  all  the  rounds  that  were  allocated  to  it, 
the  shooter  recalculates  the  updated  "average" 
and  sets  it  as  the  new  upper  bound. 

The  expected  number  of  killed  targets  un¬ 
der  this  tactics  is  given  recursively  by 

n) 


[«/»]+ 

=  X  (1  -  Ps)'“Vs[l  +  -  1, «  -  0] 

i=l 


-I-  Ra{v  -  1,  n  -  [«/  vY) 


(4.15) 


Table  4.7  shows  the  expected  kills  when  the 
HBFS  tactic  is  applied. 

Table  4.8  summarizes  the  analysis  so  far.  It 
compares  the  performance  of  the  four  afore¬ 
mentioned  Fersistent  Shooting  tactics  and  the 
shooting  tactic  with  no  damage  assessment 
(Urn  Model).  The  comparison  is  applied  to  the 
case  of  m=10  targets,  n=10,  20,  50  rounds  and 
five  representative  pairs  of  pk  and  p^/k- 


From  Table  4.8  we  can  draw  the  following 
operational  conclusions: 

(a)  If  the  number  of  available  rounds  (n)  is 
not  greater  than  the  number  of  targets  (m),  then 
each  round  should  be  directed  towards  a  dif¬ 
ferent  target.  It  can  be  shown  [10]  that  this  tactic 
is  optimal.  Evidently,  the  expected  number  of 
killed  targets  is  independent  of  Ps/j.  and  it  is 
equal  to  npk. 

(b)  Compared  to  the  no-damage  Urn  model 
and  the  basic  FS  tactic,  each  one  of  the  three 
bounded  FS  tactics  improve  the  effectiveness  of 
the  engagement  considerably. 

(c)  Although  DBFS  is  mathematically  supe¬ 
rior  to  FBFS,  and  HBFS  is  just  a  heuristic  which 
is  independent  of  the  probability  parameters  of 
the  engagement,  these  three  bounded  FS  tactics 
perform  similarly. 

(d)  Considering  the  relatively  ease  by 
which  HBFS  can  be  implemented,  we  conclude 
that  it  is  the  most  efficient  bounding  tactic  if 
one  chooses  to  adopt  a  "persistent"  strategy  in 
engaging  the  targets  -  a  strategy  that  has  sev¬ 
eral  operational  advantages  in  terms  of  target 
acquisition  and  fire  control. 

Clearly,  the  HBFS  tactic  is  not  optimal. 
Thus,  in  view  of  the  above,  a  practical  question 
that  may  be  asked  is:  how  close  is  HBFS  to  an 
optimal  strategy? 

5.  Comparing  the  MBPS  tactic  to  an 
Optimal  Tactic. 

In  [10]  it  is  shown  that  the  Greedy  Shooting  (GS) 
tactic  -  a  tactic  in  which  each  round  is  shot  upon 
the  least  previously  engaged,  non-EK  target  -  is 
optimal  with  respect  to  the  expected  kills  crite¬ 
rion.  This  tactic  however  is  very  impractical  in 
actual  combat  since  it  requires  excessive  control 
measures.  Specifically,  a  shooter  must  label  the 
targets  and  then  maintain  and  update  a  list  of 
these  labels,  according  to  the  status  of  the  cor¬ 
responding  targets.  Moreover,  the  GS  tactic  re¬ 
quires  frequent  redirection  of  fire  which  im¬ 
poses  additional  constraint  on  the  shooter  in 
terms  of  acquiring  the  targets  and  setting  up 
the  weapon  system  for  the  new  target.  Note 
that  the  HEPS  tactic  requires  some  effort  of 
target  labeling  too,  however  it  is  considerably 
less  demanding  than  the  optimal  GS  tactic.  In 
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Table  4.7.  Expected  Number  of  Killed  Targets  for  HBPS  Tactic  m  =  10 

Pc  =  0.2  =  0,5  p^^  =  O.S 

=  0.1  11.  „  =  0,5  n  ,,  =  0.9 


5 

1.00 

1.00 

1.00 

2.50 

10 

2.00 

2.00 

2.00 

5.00 

20 

3.62 

3.74 

3.89 

7.56 

30 

4.94 

5.21 

5.53 

8.84 

40 

6.00 

6.41 

6.82 

9.46 

50 

6.84 

7.34 

7.75 

9.75 

Tabic  4.8.  A  Comparison  of  Expected  Number  of 
Killed  Targets  m  =  10 

n 

PJp.'k 

BPS 

FBPS 

DBPS 

HBPS 

URN 

10 

0.2/0.1 

1.00 

2.00 

2.00 

2.00 

1.83 

0.2/0.9 

1.89 

2.00 

2.00 

2.00 

1.83 

0.5/0.5 

3.00 

5.00 

5.00 

5.00 

4.01 

0.8/0.1 

1.7 

8.00 

8.00 

8.00 

5.66 

0.8/0.9 

7.3 

8.00 

8.00 

8.00 

5.66 

20 

0.2/0.1 

1.29 

3.62 

3.62 

3.62 

3.32 

0.2/0.9 

3.70 

3.91 

3.93 

3.89 

3.32 

0.5/0. 5 

5.49 

7.68 

7.95 

7.92 

6.42 

0.8/ 0.1 

2.50 

9.62 

9.63 

9.63 

8.11 

0.8/0.9 

9.99 

9.99 

9.99 

9.89 

8.11 

50 

0.2/0.1 

1.90 

6.81 

6.84 

6.84 

6.36 

0.2/0.9 

8.4 

8.47 

8.53 

7.75 

6.36 

0.5/0.5 

9.77 

9.94 

9.97 

9.89 

9.23 

0.8/ 0.1 

4.89 

10.00 

10.00 

10.00 

9.85 

0.8 /0.9 

10.00 

10.00 
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particular,  if  n  >  m,  then  there  are  only  m-1 
incidents  of  redirection  of  fire  in  the  HBPS  tac¬ 
tic.  This  number  is  at  least  m-1  for  the  GS  tactic. 

Table  5.1  shows  the  expected  killed  targets 
for  both  HBPS  and  the  optinial  GS  tactics. 

It  is  evident  from  Table  4.8  that  for  the 
spectrum  of  real-world  cases  analyzed  here,  the 
HBPS  tactic  performs,  in  terms  of  expected 
kills,  very  close  to  the  optimal  GS  tactic. 

6.  Summary  and  Conclusions 

As  advanced,  precise  and  expensive  weapon 
systems  (e.g.  Precision  Guided  Munitions  - 
PGM)  arc  introduced  into  the  battle  field,  ques¬ 
tions  of  their  operational  efficiency  and  optimal 
utilization  become  more  prevalent.  Moreover, 
as  the  range  of  weapon  systems  increases,  the 
problem  of  fire  control,  and  in  particular  the 
effect  of  damage  assessment  capabilities,  be¬ 
comes  crucial. 

In  this  paper  we  presented  several  Shoot- 
Look-Shoot  tactics  that  may  apply  to  PGM  sys¬ 
tems  in  situations  where  damage  information  is 
not  necessarily  complete. 

The  Basic  Persistent  Shooting  (BPS)  tactic 
simply  instructs  the  shooter  to  stick  to  a  certain 
target  and  engage  it  as  long  as  the  target  is  not 
evidently  killed.  Two  variations  of  this  tactic 
(FBPS  and  DBPS)  were  introduced  and  were 
shown  to  perform  better  than  the  basic  one.  Out 
of  these  two  tactics  emerges  a  simple  tactic  -  the 
HBPS  -  that  can  be  easily  implemented  in  com¬ 
bat.  This  tactic  appear  to  perform  close  to  opti¬ 
mality  in  a  range  of  realistic  scenarios. 

Recall  that  a  number  of  simplifying  as¬ 
sumptions  were  made  in  the  construction  of  the 
models.  Specifically,  we  assumed  no  cumula- 
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tive  damage  in  the  shooting  process,  ignored 
"Type  11"  errors  (that  is,  declaring  a  live  target 
as  killed)  and  required  that  the  event  "kill"  (K) 
is  necessary,  at  each  round,  for  the  event  "evi¬ 
dent  kill"  (EK),  A  natural  extension  of  the  anal¬ 
ysis  presented  in  this  paper  may  be  obtained  by 
considering  situations  where  these  assump¬ 
tions  are  relaxed. 
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superscript  letter  at  the  end  of  the  sentence. 
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